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BCTYII

TeopernyHa MexaHiKa BUBYAE HAWOLIBIN 3arajbHi 3aKOHH PYXy 1 B3a€MOJIl TiJI, BBAXKAIOUH
CBOIM TOJIOBHUM 3aBJIaHHSM ITi3HAHHS KUIBKICHHX 1 SKICHUX 3aKOHOMIPHOCTEH, 1[0 CIIOCTEPITal0ThCs Y
npuponi. BoHa HanexuTts 10 (yHIAMEHTAIBHUX TPUPOJAHUYMX HAyK, OCKUIBKU MPUPOIO3HABCTBO
BUBYAa€ pi3HI GopMmHu pyxy MaTepii. TeopeTnyHa MexaHiKa Ma€ BEJIHMKE 3HAYEHHS B MiATOTOBII
IKeHepHUX KaapiB. BoHa € ¢yHIaMEHTOM /I BUBUYEHHS TAKUX IUCIUIUIIH, SK OIMIp MaTepialis,
TEOpisl KOJNWBaHb, TiIpaBilika, TEOpis MPYXKHOCTI, aepo- 1 TiApoMexaHika, eJIeKTPOJUHAMIKA,
OlomexaHika, Teopisi aBTOMAaTUYHOTO KEPyBaHHS PYXOMHUMHU 00'€KTaMH, TEOPis MEXaHI3MIB 1 MaIllWH,
npuiIaniB, poOOTIB-MaHINYIATOPiB. 3HAHHS 3aKOHIB TEOPETUYHOI MEXaHIKM Ja€ 3MOTY HayKOBO
nepeAdaYuTH XiJ TMPOLECIiB y HOBUX 3ajayax, 10 BUHUKAIOTH IMPH PO3BUTKY HAyKH, TEXHIKH i
TEXHOJIOT1.

Teopernuna MmexaHika — 1€ HayKa, sfKa Ja€ yHIBepcajdbHI METOIW CKIAJaHHS 1 aHali3y
PIBHSHB pyXY 1 pIBHOBAaru CKJIAJHUX MaTEPiaJbHUX CUCTEM, 11O € OCHOBOIO X MOJICITIOBAHHS.

TeopernuHa MexaHiKa CIIMPAETHCS HA 3HAHHS 3 aHAIITUYHOI reOMETpii, BEKTOPHOI airedpw,
MaTeMaTHYHOTO aHaIi3y, (Pi3uKU Ta iHPOPMATUKH.

Ileii HaBUAIBHO-METOJUYHUI TOCIOHMK TNPU3HAYCHHUH JJISI CaMOCTIMHOTO OBOJIOJIHHS
CTY/ICHTAaMH TE€XHIYHHX CIIeLialbHOCTEN O€3BiApHBHOI ()OpMHU HaBYaHHS (DaKyJIbTETY MiCIAIUILIIOMHOT
OCBITH 1 320YHOI'0 HABYaHHS KypCy TEOPETUYHOI MEXaHIKM Ta BUKOHAHHS IHIWMBIIyaJbHHX 3aBJIaHb
JUTSE KOHTPOJIBHUX POOIT, SIK1 JTO3BOJISIOTH 3aKPIMTUTH MPOMICHUI MaTepian Kypcy.

TeopeTtnyHa MexaHika MOAUISETbCS HAa TPH YaCTHHH: CTAaTHUKA, KiHEMAaTHWKa, IUHAMIKa.
Cratuka BHBYa€ yMoBH piBHOBaru Til. KiHemartmka posrisgae pyx 0e3 ypaxyBaHHS YMHHHKIB, IIO
HOro Mopo/pKyrOTh. JI[MHAMiKa BHBYAE€ PyX 3aJ€)KHO BiJl YMHHUKIB, 110 WOTO0 BUKIHKAKOTh, — Bill
B3a€EMOJIIT 3 IHIIIMMH TiJTAMH.



Jlexknis 1.
Tema: OcHOBHI HOHATTH TAa AKCIOMH CTATHKHU

Teoperuuna MexaHika — 1le [pPUPOJHMYA HAyKa, sSKa BHBYAE€ HANOLIBII 3arajbHi
3aKOHOMIPHOCTI MEXaHIYHOTO PyXYy 1 pIBHOBAaru MaTepiaJibHUX 00'€KTIB (T11 1 MEXaHIYHUX CHUCTEM).

[Tix MexaHIYHUM PYXOM MarepiaibHUX TiJ PO3YMIiIOTh 3MiHY IOJIO)KEHb MaTepiajibHUX T y
MIPOCTOP1 MPOTATOM Hacy.

TeopeTnuHa MeXaHiKa € OJHIE€I0 3 QyHIAMEHTAILHUX 3arajJbHOHAYKOBUX TUCIHUILIIH (Hi3UKO—
MaTEeMaTUYHOTO WUKIY 1 € (aKTUYHO HAayKOBOIO 0a3010 BCIX Traily3edl cydacHoOi, 30Kpema,
CLIBCHKOTOCTIOAAPCHKOT TEXHIKH.

TpanuiiitHo TeopeTHYHA MEXaHiKa JIIUTHCSA Ha TPU OCHOBHI PO3JUIM: CTaTHKa, KIHEMaTHKa Ta
IUHAMIKA.

CraTuka BUBYAa€ BIACTHBOCTI CHJI, YMOBH iX MEPETBOPEHHs 1 CNUIBHOI nii Ha Tino abo Ha
CHCTEMY TiJI, pIBHOBAry TLJ MiJ] €0 CHJL.

KinemaTuka BHBYa€e reOMETPUYHI BIACTUBOCTI pyXy MaTepiaJIbHUX Ti1 O€3 BpaxyBaHHs MacH 1
IIIOYUX CHIIL.

JluHamika BUBYA€ 3aKOHU PyXy MaTepiadbHUX TLT MiJ A1€10 CUJI, K1 IIel pyX 00yMOBIIOIOTb.

3rajiaeMo OCHOBHI MTOHSATTS TEOPETHYHOI MEXaHIKH, SIKi J0Ope Bitomi 3 Kypey (i3uku.

Mamepianbsha mouka — 1ie TiI0 IEBHOI MacH, po3MipaMu Ta (OPMOIO SIKOTO MOKHA B YMOBax
JIAHO1 3aJ1a4l HEXTYBAaTH.

Cucmema mamepianbHuxX TOYOK —II€ CYKYIHICTH TOYOK, IIOJIOKEHHS 1 pyX SKHX
B33a€MOIIOB'SI3aHi 1 B3aEMOOOYMOBJICHI.

Abconomno meepde mino — 1€ Tijo, B IKOMY BiJICTaHI MK JBOMa JOBUIBHUMM TOYKaMHU He
3MIHIOIOTBCS 3 4aCOM, MPOCTIIIIE, 10 1€ TUIO, sIKe He AehOPMYEThCS IMiJI IIE€I0 CUJL.

[{inkoM 3po3yMino, L0 B HPUPOAI Ta TEXHIII HE ICHYe peaJbHUX TiJ, SKI IOBHICTIO
BI/IMOBIIAIOTh IIMM TOHATTAM. MaTepiajibHa TOYKa, CUCTeMa MaTepialbHUX TOYOK Ta TBEPHAE TIIO €
11eaIbHUMU TOHATTSAMH, PO3PaXyHKOBUMHU MOJIENISIMU TPH BUBUEHHI MEXaHIKH.

CTATHUKA

[Tepmr HiXXK BHBYATH MEPLIMH PO3/ALT TEOPETUYHOI MEXAHIKM CTaTUKY CPOPMYIIIOEMO 3ajadi

CTaTUKH. Takumu €:

1) BU3HAUEHHS YMOB pIBHOBaru TUI MiJ AI€I0 PI3HUX CUCTEM CHJI K Ha IUIOIIMHI, TaK 1y
IPOCTODI;

2) BU3HAYEHHS METOJIB IEPETBOPEHHSI CUCTEM CHJI 3 METOI0 CIPOLIEHHS 1 3aMiHM iX
HalMEHIIOKO KIJIBKICTIO CUJIOBUX (DaKTOPIB.

B ocHOBI 11bOTO pO3/iTy MEXaHIKH TTOKJIA/ICH] aKCIOMU CTATUKH, K1 HUXKYE OyIyTh PO3TIISTHYTI.
A 3apa3 po3rIsTHEMO 11 OCHOBHI MOHSTTSI.

Cuna — ye KinbKicHa Mipa MeXaHiuHoi 83aEmMOO0ii 080X MIN, SIKA BU3HAYAE XapaKmep, GeIUYUHY
ma HanpsaMox 83aEMOOIi.

3 1bOT0 KJIACMYHOTO BU3HAYEHHSI CUJIM BUIUIMBAE, 110 BOHA € BETMYUHOIO BEKTOPHOIO, @ TOMY €
TPY BU3HAYAJIBHUX MapaMeTpu: BeIUYMHA CHIIM (200 MOIYIb), HAIIPSIMOK Aii Ta TOUKa MPHUKJIATAHHS.

Ha po3paxyHKOBO — CHJIOBUX CX€Max CHIIy 300paXyloThb Yy BHUIUIAII BEKTOpa JOBLIbHOL
JOBXHHM (KpiM BHUMNAIKIB rpadiyHOi CTaTMKH, KOJIM CUIy KpecisaTh y MaciuTabi). Ilokaxkemo,

Hanpukiaj, (puc. 1.1) noBUIbHY cuity P, sixa 300pakena y Burasni sektopa AB, npukianena y
touri A i mie B3gox minii MN .



Puc. 1.1

Omununero BumipoBanHs cuid € | Heioron — [H] a6o 1 kinomeroton [kH]. 1
[KH ] =1000 [H ] V TexHiuHiil CHCTEMI OAMHHUIIEI BUMIpIOBaHHs cuiau € 1 kinorpam cumm — [K/ ]

abo [rec].
Ha TiJ10 MOXYTbh OJTHOYACHO JITH JCKLIbKA CHJI, YTBOPIOIOYH CHCTEMY.
Cucmema cun — 1€ CyKyIHICTh JEKITBKOX CHJI, SIK1 JIIFOTH Ha TLJIO.
BBeneMmo 111e aesKi MOHSTTS, 110 MOB's13aH1 3 CHIIOK0.

Exeisanenmni cucmemu cun — 11e Taki CUCTEMH CHJI, SIKI HA OJHE 1 TEX TIIO AIFOTH OJHAKOBO.
Cucrema cuit Moke OyTH, B ISIKHX BUIAJKaX, EKBIBAJICHTHA HYITIO.

Pignoodinuna cuna cucmemu cun — 1ie Taka cuia, Iisd AKOI eKBIBaJIEHTHA il BCI€T CUCTEMU CHIL.

3pienosasrxcyroua cuna — 1e cuia, sika 3a BEIMYMHOIO JAOPIBHIOE PIBHOMINHIN CHII, JICKUTH 3
HEI0 Ha OJHIN MPAMIH, ajie MPOTUIICIKHA 32 HAIIPSIMOM.

AKCiOMH CTATHKH
B ocHOBy cTaTuku MoKja/ieHi akCioMH, TOOTO MOJOXKEHHS, AKI MPUHMAIOThCS 0€3 TOBEACHHS,
TOMY IO MIATBEPIKYIOTHCS 0araTOBIKOBOIO MPAKTHUKOIO.
I akcioma. AOcomOTHO TBepAe TiNO MiJ €0 ABOX CHII TUIbKH ToAl Oyae mepedyBaTu B

pIBHOBA31, KOJIM IX BEKTOPH JOPIBHIOIOTH 3a MOAYJEM, MPOTHJIEKHI 3a HANpsMKOM 1 JIHIT iX a1
CMIBMAJAOTh.

Ha puc. 1.2 nokasane 10BiibHE TiNO, sike TIepebyBae y CTaHi piBHOBATH TIif [i€l0 ABOX cui P i

PZ, AKi MarloTh OJHAKOBI MOJYII ‘Pl‘Z‘PZ , posramoBani Ha ommid npamiii MN 1 wmarors

IPOTUIICKH] HAapsIMKX. TOYKM NPUKIAJAaHHS CHII MOXKYTh criBragaty. Takum unnoM, Py =—P,.

Puc. 1.2

IT akcioma. Ctan piBHOBaru Tijia HE MOPYIIUTHLCSA, SIKIO JO Tija MPUEAHATH a00 BIIKHUHYTH
3piBHOBaXkeHy cucremy cwi. Hampukmaz, cucremy cuin ( Py, PZ) Ha puc. 1.2. Ilsg akcioma HOCUTH

Ha3BY aKCIOMH BUKJIFOYCHHS CHJI.
Hacnifok 3 mepummx ABOX akCioM. TOuKy NpuKkiaOaHHs CUNU MOICHA Nepecy8amu 6 Meicax
0an020 mina 630084C NiHii Oii CUNU (CUNA € KOBZHUM BEKMOPOM,).



Puc. 1.3

[Mpunyctumo, 1o Ha Tino (puc. 1.3) aie Bextop cunu P, axuii npuknanenuii B touni A i mae
ninito xii MN . Ipukinagemo B nosinbhiit Touni B na ninii xit MN xei cumm P, i Pj, Taki, mo
P,=P,a P = —Pl. 3riJIHO TIEPIIOi aKCIOMU Il CHJIM 3PIBHOBAXKEHI, a 3T1IHO JIPyroi akCioMH iX
MOJKHA IIPHETHATH, HE 3MIHIOIOYH KIHEMAaTHYHOTO CTaHy Tija.

AJte 10 cHCTeMy TPhOX CHIJI MOXKHA PO3IIISIATH IO iHIOMY: sIK cuity P,, sika popisHioe cuui

P, i nepenecena 3 Touku A B Touky B, i spiBHOBaxceny cucremy asox cun (P i Py), sxy Moxua
BIIKHHYTH.

III akcioma. PiBHOmiliHA ABOX cuJi, SIKI MPUKIAACHI 10 TiMa B OJHIA TOYIL, 300pa)KyeThCs
JiaroOHAJLTIO TIapajiesiorpama, sikuii ToOy/IoBaHMI Ha WX CHJIaX, SIK CTOPOHAX, 1 MPUKJIIAJCHA B TOYII iX
nepetuny. L{g akcioMa HOCUTH Ha3BY 3aKOHY IapalieJorpaMa CHUIL.

Puc. 1.4

[punycrtumo, mo g0 Tina (puc. 1.4) B Touni A npukiameHi ABi cuiam ]31 Ta P. , SIK1

po3TaioBaHi mijx Kkyrom ¢ . [ToOynyemo Ha ux cuiax, sk Ha CTOPOHax, Iapajiesorpam 1 IpoBeIeMo
Kpi3b TouKy A niaroHais, sika i 6yae piBHoailiHo0 Ry, mux cu.
Takum ymunHoMm, III akcioma cTaTMKM Ja€ MOMIJIMBICTh F€OMETPUYHO JOJATH JBI CHJIH, IO
MIPUKJIAJEH] B OHIN TOYIT
R,=P+P,. (1.1)
3 Kypcy TeoMeTpii BIJOMO, IO JlaroHaJb Napajgejgorpama, TOOTO MOIYJb PIBHOMAINHOI,
TOPIBHIOE

Ry, =+P2+P2+2PP,cosc . (1.2)

[TpomoHyETHCSI CAMOCTIMHO BU3HAYUTU PIBHOMIINHY, SKIIO CHJIM MPHUKIAAEHI B OAHIN TOYI i
pO3TalloBaHi MiJl MPSMUM KYTOM, a TaK0X KOJIM BOHM CIIBIAAAIOTh 3a HAMpSAMKOM a00 CIpsIMOBaHI y
MPOTHIICKHI CTOPOHH.

IV akcioma. [[Ba B3aeMopitouux Tija AIFOTH OJHE HA OJHOTO 3 PIBHHUMH 3a MOJIYJIEM, ajie
MPOTHJICKHUMHU 3a HAPSIMKOM criiaMu. Lls akcioma HOCHUTh Ha3BY 3aKOHY Aii Ta MPOTUI].

Cnig 3ayBakuTH, 10 CHJIA B3a€EMO/I1T HIKOJIM HE 3pIBHOBAXYIOTHCSI, TOMY 1110 BOHU MPHUKJIa/I€H1
710 PI3HUX TLJI.

V akcioma. ko rayuke (He TBepze) TUIO nepedyBae y CTaHi pIBHOBArd mija JI€I0 CUCTEMH
CHJI, TO LIeH CTaH HE 3MIHUTHCS, SKIIO TUI0 3aTBepie. Llg akcioma Mae Ha3BY MPUHLUITY 3aTBEPIiHHS.



OcHoBHI TN B's13eil Ta IX peakuii

VY TeopeTnuHii MEeXaHilll TiJIa AUITHCS Ha BUTbHI Ta HEBUIBHI.

Ti10 BBaXKa€ThCS BUIBHUM, SKIO BOHO Ma€ MOXIIMBICTH HEOOMEXEHO PyXaTUCh Y MPOCTOPi B
OyIb — IKOMY HalpsIMKY.

Tino, pyX SIKOTO Y IPOCTOPi YUMOCH OOMEKYETHCS, BBAKAETHCS HEBUTBHUM.

Tina, abo mepemkoIu AKi, 0OMEXYIOTh PYX JaHOTO TiJIa, HA3UBAIOTHCS B'SI3SIMHU.

MexanivHa Jist B's31 Ha JaHE TiJIO Ma€ Ha3BY CHJIM peakii B's31 (B moganbiiomy "peakis').

PosrisiHeMo OCHOBHI THUIM B'si3el K po3paxyHkoBi mojneni. KoxkHa 3 1ux B's3eld Mae CBOIO
Ha3BYy, rpadiune 300paKeHHsI 1 CBOT peaKiIii.

1. IneanpHO TiazeHbKa IIomMHA abo onopa (puc. 1.5, a). Peakuis mici B'a3i R manpamnena
MEPIEeHIUKYJIAPHO [0 IJIOIIMHYU, a00 po3TalloBaHa B3J0BX HOpMaii. [ageHpka MIONMHA HAKIIAAa€e
OJHY B'I3b — HEMOXJIMBICTh PyXaTHCh NO HOPMaJl 10 MOBEpPXHi, TOMYy OyAe OJHA peakilis, sKa
HarnpsiMJIeHa IPOTH HAMPSIMKY BTPA4eHOI0 MEPEMIILIEHHS 32 PaXYHOK HaKJIAJCHHS B's31.

Sxkmo nosepxusa Oyne cdepuunoro (puc. 1.5, a), To peakuis RA mpoxomuts kpiss LeHTpH
cdep O 1 O1 o HopMasTi 7 (MEPIEHAUKYIIAPHO 0 TOTHYHOL T ).
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2. ToukoBa omopa (puc. 1.5, 6). SIKmo riaaaeHpKa IUIONIMHA BHPOKYETHCSA Y JIiHIIO abo
TOYKY, TO pEaKilis B's3ei F_QA i F_QB Oyze crpsiMOBaHa 10 MEPIEHAUKYIISAPY 110 JiHii (MOBepxHi) Tina,
SIKe YTPUMYETHCS B IaHI{ TOYIII.

3. HlapuipHo — Hepyxoma omopa abo HepyXOMHH mapHip (puc. 1.5, 6). Peakuis mapHipHO —
HEPYXOMOI OIMOpH TPHUKIAJeHa Yy IEHTpPl IapHipa i HeBigoma 3a HampsMkoM. llpu aHamiTHUHOMY
PO3paxyHKY BEKTODP PeaKiii PO3KIafAcThCs HA [BI CKIALOBHX B3JOBX Ocedl koopauHat R, i Ry. 3

apyroro OOKy, I Omopa Hakiagae JBi B'SI3i — HEMOXKJIHMBICTh BEPTHKAILHOTO 1 TOPU30HTAIHHOTO
pyxiB, TOMY 1 Oyzie ABi BiNOBIIHI CKJIAJ0BI peakilii y MJIOLINHI, siKa MepIeHANKYIsIpHA OCl MapHipa.
4. lllapuipHo — pyxoma omopa a6o karok (puc. 1.5, 2). Peakuis miei B's3i R crnpsamosana
NEPICHAUKYIISIPHO JI0 TUIOLIMHH, TI0 SIKId PyXaeThCsl KaTOK.
5. XKopcTtke 3akpimneHss (puc. 1.5, 0). Peakiiis i€l B's31 noBuHHA OyTH MpeAcTaBlIeHa ABOMA

CKJIaIOBUMHU Y BI/IFJU[III CHUJI RAX’ 1 RAy Ta PCAKTUBHOI'O MOMCHTY M I_[e BlI[HOBlI[ae KIJIbKOCTI

B'sI3€H, SIKi HAKJIA/IA€ 1151 OTIOpa: HEMOKIIMBICTh BEPTHKAIBHOTO 1 TOPU30HTAIBLHOTO PYXIB 1 IIOBOPOTY Y
IUIOLLIUHI.

6. ImeanbHuii crep)keHb, TOOTO HEBArOMHUI TOHKHH CTEP)KEHb, HA KIHIX SIKOTO BCTAHOBJICHI
MWTIHAPUYHI MAPHIPU 1 KU Tpalioe TUIbKH Ha po3TAT abo Ha cTuck (puc. 1.5, ). Peakis miei B's131

R cnpamoBana B310BXk cTepKHS i IPUKJIaLeHa y IIEHTPI IapHipa.
7. T'myuka HuTKa a0o0 B'A3b, sKa 3A1MCHIOETHCA 11€aJbHUMHU THYYKHMHU TUIaMH, TOOTO
HEBAaroMHMMH, HEPO3TSHKHHUMH HUTKaMHU: KaHaTaMH, macami, jJaHmoramu (puc. 5.1, o). Peaxis miei

B'a3i R manpsmiena B3moBk HMTKM i npukimameHa y Todni 3akpiruieHHs 4. Y macosiii mepemaui
HaTArH B i Tikax T, i T, Tako BBaKaIOTbCS PeaKLisIMU THYUYKHX B'S3€H.

8. Cdepuunuii mapnip abo Horo 4yacTkoBUN BUNAAOK — miam'aTHUK (puc. 1.5, 3, u). Peakuis

uiei B'13i moBuHHA OyTH 300pa)KeHOI TphboMa CKiIazoBumu y Burisiai peakuin R, R R,,

y
HaNpsIMIIEHUX B3JI0BK OCEH MPOCTOPOBOI AEKAPTOBOI CUCTEMHU KOOpAUHAT X Y Z, 3 MOYaTKOM y LEHTpI1
cdepuyHOro mapHipa adbo mian'sITHUKA.

VY 3B'sI3Ky 3 BBeIEHHSM MOHATTA B'si3eld BBonuThbest VI ta VIl akciomu cTaTuku, sKi HOCSTh
Ha3BH aKCIOMH PO 3BUTLHEHHS BiJ] B'si3el Ta aKCIOMHU PO HAKJIAIaHHS HOBUX B'A3€H.

VI akcioma. PiBHOBara HeBiIIbHOTO MaTEPiaibHOTO TiJia HE 3MIHUTHCS, SKIO BIAKUHYTH B's31,

1110 HAaKJIaJIeH1 Ha HbOTO, @ 3aMiCTh HUX MPUKIACTH CUJIH, K1 JOPIBHIOIOTD iX PEaKIIisIM.

VII akcioma. PiBHOBara HEBIIBHOTO MaTepiajbHOrO TiIa HE 3MIHUTHCS, SKIIO HA HBOTO
HaKJIaCTH HOBI B'SI31.

Knacudgikauis cucrem cuJi

[To xapakTepy po3TallyBaHHS BCI CHCTEMH CHJI MOXKHA TMOAUIMTH HA TUIOCKI 1 MPOCTOPOBI
cucremu. KpiM Toro, koxHa 3 IIUX CUCTEM MOXe OyTH IMOAlIEHAa Ha CUCTEMY 301)KHUX CHJI, CUCTEMY
napajeabHUX CHUJI 1 CUCTEMY JOBUIBHUX CHJI.

— cucreMa 30DKHHUX CHJI XapaKTepU3yeTbCs THM, IO HANpsIMKH BEKTOPIB YCIX CHJI
MEPEeTUHAIOTHCS B OJHIM TOYII.

— Y CHCTeMIi MapajelbHIX CHJI BEKTOPH CHII TTApaJeibHi.

— Y CHCTEeMax JIOBUIbHUX CHJI BEKTOPH PO3TAIIOBAaHI SIK 3aBIOAHO HA IUIOIIKHI a00 y MPOCTOPI.



TakuMm YMHOM, MO’KHA KOHCTATYBaTH, 110 MA€MO IIIiCTh PI3HUX CUCTEM CHJL, i/ €0 AKHUX T1JIO
MOKe nepe0yBaTH B CTaHi piBHOBAru, abo pyxaTHCh 3a IEBHUM 3aKOHOM.
3anuTaHHs IS CAMOKOHTPOJIIO:
[lo Take mexaniunuit pyx? l1{o BuBuae craruka?
o BuB4ae TeopeTHuHa MexaHika? 3aadi CTAaTHKH.
B yomy nossirae cyTh NOHATH MaTepiajibHa TOYKa Ta a0COJOTHO TBEpE TLI0?
o Take cuna? SIki Tpu XapaKTEPUCTHKH Ma€ cuia’?
IIlo Take cuctema cui?
SIka cuna € piBHOIIHHOIO CUCTEMU CUJI?
Ak GopMyITIOIOTHCS aKC1IOMU CTATUKH?
B sikomy Bunanky marepiaibHe Tio Oyae BUIbHUM?
[ITo Take B'sI3b 1 10 TaKe peakilis B's31?
SIKi OCHOBHI TUNM B'I3€d 3YCTPIHAIOTHCSA IMPH PO3B'A3YBaHHI 3a7ad CTaTHKH 1 fKi
HaIpsIMA MarOTh 1X peaKIrii?

CoNoA~WNE

[EEN
©

Jleknis 2.
Tema: I110cka cucTemMa 301KHUX CHJI
Sxmo Bei cwiM, SKI MPUKJIQACHI 10 TiTA, PO3TAlloBaHI B OJHIM TUIONIMHI Ta JiHIT iX mif
MEePETUHAIOTHCA B O/IHIM TOUIIl, TO TaKa CUCTEMAa CUJI HOCUTh Ha3BY IJIOCKOI CUCTEMH 301KHUX CHIL.
[Tokaxxemo Ha puc. 1.6 MOBLIBHE TiJO, IO SKOTO MPHKIAJEHA IJIOCKA CUCTEMH 301KHUX CHII

=3 PP, P I[Ipu npoMy IiHii mii BCiX cHI mepeTHHarThes B Toui A.

Puc. 1.6

I'eomeTpuyHuii cnocid qoxaBaHHs 30IKHUX CHIT
Jonatu cucreMy cuil, 1le O3Haya€ BU3HAUYMUTHU iX piBHOAINHY. CripoOyeMo 3HalTH PIBHOIINHY
JUISL TIFIOCKOT CUCTEMH 30DKHUX CHJI, sika 300pakeHa Ha puc. 1.6. BisbMeMo (YMOBHO) /Bi HepIli CHIIN

P i P i Ha migcrasi I1I akcioMu cTaTHKHM 3HAMAEMO iX PiBHOMINHY Rl 5, TS 9OTO Ha CHJIAxX Pl i P,

SK Ha CTopOHaX ooy IyeEMo napanenorpaM , JlaroHanb AKOTo, sKa IpukiageHa y toumi A, i e ix
piBHO#iHOIO R 12- Jlai reoMeTpuYHO 0aMO JIBl HACTYITHI CHIIH Rl 5 1 P, , 1 BXKE€ Ha IIUX CUJIax sIK

Ha CTOPOHAX MOOY/yeEMO CBill mapaienorpam, Aiaronans sikoro Oyae piBoxiiHow Ry 5. I Tak gani xo

1 TyT MOKa3aHUN He rnapajejorpam, a Horo I10JIOBHHA, TOOTO TPUKYTHUK CHJI.



ocraunpoi cun P, . Konu noGynoBano ocrauHiil mapaienorpam i IpoBeeHa OCTaHHs AiaroHalb, TO

BOHa i Oyze piBHOmiHOW R 361%HOI cucTeMu cuil, ska mokasana Ha puc. 1.6.
SIKIIO yBaXKHO NPUIMBHUTHCA 1O TEOMETPUYHOI TOOYAOBM MapaiesorpamiB, TO MOXKHA

1106a4nTH, WO 10 KiHIs BekTopa cuim P, Gyno npuexnano sexrop cuim P, (To6T0 B KiHels BekTopa

P, mepeneceno mapanensro sexrop P,) i Tak nani no ocranusoi cumm P,.

TakuM YMHOM, T€OMETPUYHHMH CrHociO JoAaBaHHS 30DKHUX CHJI 3BOJUTHCA JO IMOOYIOBH
CHJIOBOTO MHOTOKYTHHKA. BiH OynyeThcs IUIIXOM IMapalelbHOTO NMEPEHECEHHS CHJ, KOJHM MOYaTOK
HACTYMHOI CHJIM CIIIBNAJa€ 3 KiHLEM NonepenHboi cuin. Toi piBHOAINHA 3'€HY€E MOYATOK MepIIol

CHJIN 3 KiHI_IeM OCTaHHBOI CHJIN. I_Ie MOJXHAa 3alIucaTu Tak:
Rl,n:Pl+P2+P3+"'+ P,. (1.3)

BenmuuuHa piBHOMIMHOI CHJIM HE 3MIHUTHCS, SKIIO Oyae 3MIHEHO MOPSJIOK IPHEIHAHHS

(toaBaHHS) CHJI 10 MHOTOKYTHHKA, ajle KOH(ITrypallisi CHJIOBOr0O MHOTOKYTHHUKA OyJie 1HIO0.
YMoBa piBHOBaru mjiocKoi CHCTeMH 301KHMX CHJT
y reomeTpuyHiii popmi

Slkmo 10 BUIBHOTO MaTepiaJIbHOTO TiMa NpPHKIaJeHa ojaHa cwia (ado MOMEHT), TO MO
piBHOBAary mporo TiJia MOBH He Moke Oytm . TakuM YWHOM, SKIIO PO3TJISAATH IUIOCKY CHUCTEMY
30DKHUX CHUJI, SIKa 3BEICHA JI0 PIBHOIMHOI, TO TLJIO HE MOXKe OYTH Y piBHOBa3i.

Jns pisnosacu mina nio 0i€to nA0OCKOi cucmemu 30IHCHUX CUL HEOOXIOHO © 00CMAamMHbO, W00
PIBHOOIUHA 8CIX CUN OOPIBHI0BANA HYTIO.

PiBHOMIMiHA Takol cucTeMu cuil Oyze JOPiBHIOBATH HYIO, KOJM CHJIOBUH MHOTOKYTHUK Oyje
3aMKHEHHUM, TOOTO KOJIU MOYaTOK BEKTOpa MEePIIOi CHIIA Oy/ie CIiBMaaTH 3 KiHIIEM BEKTOpa OCTaHHbOT
CHJIH.

Teopema npo piBHOBary Tijia, ke nepedyBae
N Ji€r0 TPbOX HemapajaelbHUX CHJI

CdopmymnroeMo BKazaHy TEOpeMYy.

Axwo mino nio 0i€lo mpbox NJIOCKUX HEeNnapaielbHux cuil nepedysae 6 pisHosasi, mo ainii il
YUX CUl NepemUHamvcs 8 OOHIl Moyyi.

Vssumo Tino (puc. 1.7), no sixoro B Toukax A, B, C npuxnaneni cumu P, P,, P, Bexropn

SIKAX PO3TAIlOBaHI B OJHIA TUIONIMHI. PO3riasHeMo crodatky ABI CHIIU Pl Ta PZ. Ha miacrasi

Hacmiaky 3 11 Il akcioM cTaTHKU BKa3aHi CHIIU 3aBXKIM MOXHA MEPEHECTH 10 JIiHii iX Aii B OAHY TOUKY,
nanpuknan, y touky O . Jlam, sxmo maemo B touni (O 1Bi mpukiameni cumm, To Ha migcrasi 111

aKCIOMHM CTAaTHKH X MOJKHA 3aMIHHTH OJHI€I0 CHJIOK, TOOTO piBHOiiHOI R, ,. IToGymyemo Ha

puc. 1.7 na Bkaszanux cuwiax P, ta P, mapanenorpam i mokaxemo piBHOAINHY R1,2- Tenep Tino Oyne

M1 JI€F0 TUIBKA IBOX CHJI P3 Ta Rl , 1 BOHO Oyze B pIBHOBA31 JMIIE TOMI, KOJIU BEKTOPH LMX CHUII

posrainoBani Ha ofiHii npsmiii, To6To Ha npsamiii CO . Toxi i Bektop cnimn P, nepernnae touky O.
Teopema noseneHa.

Puc. 1.7



IIpoekuisi cui1u HA Bich Ta HA JIOUINHY

Vasumo cuny P, BexTop fKOi OBiIBHO po3TamIoBaHMil y IUIOIMHI KpecineHHs (puc. 1.8).

Bubepemo y wili miommHi Bick, Hanpuknaz, Bick X . Heo6ximHo crnpoekTyBatu Bkazany cuny P Ha
JaHy Bich X.

Puc. 1.8

[To3HaunMo croyaTKy Kinmi Bekropa cunn P yitepamun 4 i B i omyctumo 3 Hux Ha Bich X
NEePIEeHAUKYISIpH. TOYKM TepeTHHy MEepIeHAMKYISpiB 3 Bicclo X (IMO3HAYMMO iX BiAMOBITHHUMHU
ManuMH OykBaMH ¢ 1 6) yTBOPWJIM Ha OCi X HampsMJICHHH BiIPi30K, sSIKUH 1 OyJe MpOEKII€l0 CHUIIN

P ma Bice X. 3a BenuumMHOWO L€l Bipi30K NOPIBHIOE JOOYTKY MOy CHIIN ‘P‘ Ha KOCHHYC KYyTa,
ITiJ] SIKUM BEKTOP CHJIH NIEPETUHAE BiCh. A caMme:
P =P-cosa. (1.4)
3a 3HAKOM TPOEKIIisl CHJIM Ha Bich TOAI OyAe JOAaTHs, KOJU KyT & (KyT MEpPETHHY BEKTOpa

e . o . . o . o
cunu abo JTiHii mii cuim 3 Biccro) roctpuid. 1linkom 3posymino, sxmo neil xkyr nopismoe 907, To

npoexuis cuin P, Ha Bick X nopiBHIoBaTHMe HyIm0. SIKIIO KyT @ Oyne Tynuid, To npoekuis i P,
Ha Bich X OyJe MaTu BiJ'€MHHI 3HAK.
TakuM YUHOM, npoeKkyis Cunu Ha GiCb — ye HanpAMIeHUll GIOPI30K HA OCI, YMBOPEHUL MidiC

NepneHOUuKyIApamuy, AKi OnyweHi 3 KiHYi8 6ekmopa Culu Ha 8iCb, i AKUl 3d 8eIUYUHOI0 OOPIBHIOE
000YyMKY MOOYJIsL CUNU HA KOCUHYC KYMA MIJNC HANPIMOM 8eKMOpa CUIU Ma 8iCCIO.

CHpOCKTyGMO TCIICPp BEKTOP CUJIM HaA IJIONIUHY 10oci KOOpAUHAT.

4

Puc. 1.9



Bizememo cumy P, BEKTOP SIKOi JOBUIBHO po3TanoBaHuii y mpoctopi (puc. 1.9). Bubepemo y
IPOCTOpi MPAMOKYTHY JI€KapTOBY CHCTeMY KoopauHar XYZ, modatok Bimtiky skoi (touky O)

CyMillleHH# 3 TOYKOK NpUKIanaHHs Bekropa cwim P . Crnpoekryemo Bektop cumn P Ha miommny
XOyY. Onycrumo 3 Toukn A (KiHelmb BEKTOpa CHIIM) Ha BKasaHy IUIOIIMHY MEPIEHIMKYJIAP, AKHM

neperunac ii B Touni @ . Ha mmommnui XOY yrBopeno Bextop Oa , skuii i € npoexmiero ny CWJIM Ha
IUIOLIMHY. 3a MOJIyJIEM 15l IPOEKIIis JOPIBHIOBATHME

ny =Pcosa, (1.5)

ne & - Kyt Mik BektopoMm cuin P ta mommunoro XOY .
Sxwo B wiouwni XOY nosunauntu kyr [, T0 € MOKIMBICTL cripoekTyBatu cuiny P ma oci X

Ta Y, ONYCKalO4YW 3 TOYKM & Ha OCI NEPHEHAMKYISPH 1 32 BIJOMUM B)XE NPABHIOM OTPHUMATH

npoekuii Bextopa P, Ha Brazanui oci:
P.=PRy-sing=P-cosa-sin g, (1.6)
P, =P, -cosf=P-cosa-cospS. .7
V naHoMy BUINaAKy Kpi3h Bich Z Ta BEKTOp CHIM P MOXHa NpOBECTH ILIOIIMHY, TOMY €
MOJKJIMBICTB CIIPOEKTYBATH CHITY Ha IIFO BiCh 32 BiJOMUM MpaBmiioM. LIst nmpoekuis Oyzie AopiBHIOBATH
P,=P-cosy, (1.8)
J€ ¥ - KyT MK BEKTOPOM CHJIH P TaBiccio Z .
BuzHayeHHs1 cuim 32 ii NpoeKuiAMH
[Tpunyctumo, 110 MaeMO B IUIOIIMHI PUCYHKA NPSIMOKYTHY JI€KapTOBY CHUCTEMY KOOpPJIUHAT
XOy, sanani asi npoexuii cumm — P, Ta Py (puc. 1.10). Tpeba 3a qaHUMH MPOCKIIIMU OOUHCIUTH

MOAYJIb BEKTOpa caMoi CUIIH P , 4 TAKOX Horo HaIIpsAMOK.
Ha 3aganux HpOeKI_IiHX, JK Ha CTOpPOHAaX, 6y,Hy€MO INpAMOKYTHHK, I[ial"OHaJ'IB SAKOro, Imo

IPOXOIUThL Kpi3h TOUKY MEPETUHY INPOEKIH, i € mykanum Bektopom cuian P . Moayns cumu P
MO>KHa BU3HAUUTH 3 HACTYITHOT'O BUpa3y:

P=\R+P;. (1.9)

Kyru mix Bektopom cuii P Ta ocsimu X Ta Y MOKHA BU3HAYUTH 3a JOMOMOTOKO HATIPAMHUX

KOCHHYCIB

AN

cosa = cos (x, P)

o

X

(1.10)

)
Cos 3 =C0s (y,AI3)= %

yA

Y

Puc. 1.10



Teopema npo npoekui piBHOAINHOI CHJIN HA BiCh
Ilpoekyis eekmopa pisHOOIUHOI cuiu Ha 8icb OOPIBHIOE aNeeOpaiuniti cymi NPoeKyil 6eKmopie
CKAAO0BUX CUT HA MY JHC CAMY BICb.

AY

Puc. 1.11

Jogeoenns. Maemo cucremy cun P, P,, PF;, P,, sxa 3enena no piBroxiiinoi R 3a
JIOTIOMOTOI0 CHJIOBOTO MHOTOKYTHHKa (puc. 1.11). BBegemo Ha IUIOMIMHI TPSIMOKYTHY JEKapTOBY
CUCTEMY KOOpJAHHAT xOy 1 crIpoekTyeMo Ha Bick X Bci cwuiid. [[iist iboro mo3HauMMo KiHIll BEKTOPIB

Bcix cun mirepamu — A, B, C, D, K inposenemo nepnenaukymnspu 3 K0KHOI TOUKH Ha BiCh

X. To4yku mepeTuHy MEepHeHIUKYISPIB 3 BICCIO, SKi IMO3HAYEHI BIAMOBIIHUMH MAaJMMH JITEpaMH —
a, 6, c¢, d, K, yrsopumn Ha oci HanmpsMiIeHi Bifpi3Ky, fAKi i € NPOEKIiAMM BCIX CHI HA BiCh.

KoskHa mpoexkitis, BiIOBITHO, TOPIBHIOE

ab|=P,. |bc|=P,, |cd|=Py, |-dk|=P,. (L10)
Jonamo anre6paiuHo Bci MpOoeKIIii 1 miapaxyeMo, 4OMy L CymMa JOPIBHIOE:
ab+bc+cd —dk=ak. (1.12)

Ane Biznpizok akK i e mpoexmiero pisroiitHoi cumn R ma Bick X . [lommprorouu 1m0 cyMy Ha 7
CHJI, MO’KHA 3aIHMCaTH:

n
R, =2 Py (1.13)
k=1
Teopema noBezeHa.

AHaJITHYHHUI coci0 101aBaHHA CHCTEeMHM 30i’KHUX CHJI
Ha nigcraBi TeopeMu po MPOEKLito PiBHOAIMHOT CHIIM Ha BiCh, MAa€MO:

n
R, =P, +Py +Py+..+P, =D R (1.14)
k=1
AHaJIOTIYHO MPOEKIIisl PIBHOAIMHOT CUIIM Ha BiCh Y Oyze JOpiBHIOBaTH
n
R, =R, +Py +P, +..+ P, :kziPky. (1.15)

Moynb piBHOJIIHHOT JOPIBHIOE

R=.R;+R;. (1.16)

Kyru mik BekTopoMm piBHOAiNHOI R Ta ocamm koopammar X Ta Y BH3HAYMMO Yepes
KOCHUHYCH KYTIB M1 BIATIOBITHOIO BICCIO Ta PIBHOAIMHOIO:
"y R
cos (x, R)= FX
R (1.17)

cos(y, ﬁ)=%.

YMmoBu  piBHOBarm  Tijla  mig  JOi€l0  IUIOCKOI  CHCTeMHM  30iKHHUX  CHJI



B aHAJITHYHIH dopmi

[Inocky cucremy 30DKHHUX CHJI MOXHA 3aMIHATH OJIHIEIO CHJIOIO, SKa HOCHUTh Ha3BYy
PIBHOMIIHOI.

Jns piBHOBarw IUIOCKOi CHCTEMH 301KHHMX CHJI, HEOOXITHO 1 JOCTaTHHO, MO0 pIBHOJIMHA
JOpIBHIOBAJIa HYJIIO0. A SIKILIO PIBHOJINHA JIOPIBHIOE HYJIIO, TO 1 1T mpoekIii Ha oci X 1 Y TeX MOBUHHI
nopiBHIOBaTH HYM0. OCKINBKH MpOEKUii PIBHOAINHOI JOPIBHIOIOTh aireOpaiyHUM CymMaM MpPOEKIlii
CKJIAJIOBUX CHJI, TO OCTaTOYHO MAaTUMEMO YMOBH PIBHOBAru Tijia IiJl JI€l0 IUIOCKOI CUCTEMU 301KHUX

cHIl
n
> P, =0,
k=1

n
> By, =0.
k=1

s pisnosacu mina, wo 3Haxo0umvcs nio Oi€lo NIOCKOL cucmemu 30IHCHUX CUTL, HeOOXIOHO i
0oCcmamubo, Woob aneedbpaiuni cymu npoexyiil 6Cix CUl Ha 0ci KOOPOUHAm OOPIBHIOBANU HYIIO.

(1.18)

3anuTaHHs 1J1 CAMOKOHTPOJIIO:

SIKy cucTeMy CHJI Ha3UBAIOTh CUCTEMOIO 301KHUX CHIT?

J1J1g 90r0 1 IKUM YUHOM OYJy€ThCSl CUIIOBUNA MHOTOKYTHUK?

SIK pOpMyITIOETHCS YMOBA PIBHOBAaru CUCTEMH 301KHUX CHJI y TeOMETpHUHii popmi?
Sk hopMynoeThes TeopeMa Mpo piBHOBArY Tilla Mif 1i€I0 TPHOX HEMapaledbHUX CUi?
SIK BU3HAUAIOTHCS MPOEKIi CHIIM HA BICh 1 IIIOUHHY?

Sxuii HapsAM Mae cuiia, SIKIIO 11 IPOEKIlis Ha BICh JOPIBHIOE HYITIO?

SIK BU3HAUUTH CHITY 3a i1 poeKissMu?

YoMy TOpiBHIOE MPOEKIIis pIBHOIIIHOI CHJIM Ha Bich 4epes ii CKI1aaoBi?

Sk 3HAWTH aHATIITUYHO PIBHOIINHY CHITY?

0.  SIxi yMOBH i K1 piBHSIHHSI PIBHOBAar CUCTEMH 301KHUX CHIT?

BOoo~NoOR~WDNE

Jekuin 3.
Tema: Ilapa cun
Ilapa cun—ye cykynHicms 080X pIBHUX 3a BEIUYUHOIO, NAPANLEILHUX [ NPOMULEIHCHO
HANPAMIEHUX CUJl, PO3MAULOBAHUX 8 OOHIl NAOUWUHI.

PosrisiHemo oBinbHe Tio (puc. 1.16), 1o sikoro B Toukax A i B npukmageni cum P i P, .

Hpuuomy P, =P, i P, // P,, To6To n0 Tina npuxnanena napa cuu.

[TnomuHua, B sKiil po3TallOBaHi CHWJIM TapH, Ma€ Ha3BY IUIOMMHM Aii mapu. [lapa cun He Mae
PIBHOIIMHOI CHIIN 1 XapaKTepU3YEThCS MOMEHTOM, 1110 BUKJIMKAE 00epTaHHs Tijla Mij €0 CUJ MapH Yy
TJTOIIMHI JTii TapH.

Momenmom napu Hazusaemvcs 63amutl 3 8i0NOGIOHUM 3HAKOM 000YMOK OOHIEL 3 CUl napu Ha
nieue napu. Ilneue napu — ye 8iocmaHb nNo NepneHOUKYIAPY Midc JNIHIAMU Ol cull, AKI CKIa0aromo

napy.




Puc. 1.16

MoMeHT mapu BBaXA€TbCS JOJATHUM, SKIIO BIH HAMaraeTbcss OOepTaTH TiNO MPOTH
TOJUHHUKOBOI CTPIJIKH 1, HABIIAKH, — BIJ'€MHUM, SKIIIO HAMAraeThCsl 00EPTaTH TLIO 32 TOAMHHUKOBOIO
CTPIJIKOIO.

MoMeHT mapu 3a MOAYJIEM I03HAYAETHCS m(Pl, P2)~ Bu3HaunMo MOMEHT mapu CHJI, fKa
300pakeHa Ha puc. 1.16.
m(P,P,)=PRh. (1.33)
MOMEHT mapu CHJI MOXKHA YSIBUTH BEeKTOpOM. Lleli BeKTOp nepneHauKyISpHAHN 10 TUTOIIMHH Aii
napy i HanpsIMIICHUH y TOH OiK, 3 sikoro 6aunMo oO0epTaHHA Tija MiJ Ji€0 Tapu MPOTH T'OJAWHHUKOBOT

crpinku. Moment M{P,, Pz) SIK BEKTOp Ioka3aHuil Ha puc. 1.16. IIpote MOMEHT napu cui sIK BEKTOP
He Mae (IKCOBAHOT TOUKH MPHUKIIAJICHHS, OCKUILKH BiH € BITbHUM BEKTOPOM..

BaacTuBocrti napu cui

Jlo Tima MOXyThb OyTH MPUKIIAACHI JEKUIbKa map cuil. JIBi mapu cui OyAyTh €KBiBaJICHTHUMH,
SKIIO TPH IHIIUX PIBHUX yMOBax iX Jii Ha TUIO ogHAKoBi. OCKITBKU Mapa CHUJl XapaKTepPH3yeThCs
MOMEHTOM TapH, TO Mapy CHJI, IO JIEkKATh B OJHIN IJIOMIMHI OyAYyTh €KBIBaJCHTHI, SKIIO BOHH MAlOTh
OJIHAKOBI MOMEHTH (OJTHAKOBI1 33 BETUYMHOIO Ta HATIPSIMKOM ).

3 IHX TOJI0KEHb BUTUIMBAIOTH OCHOBHI BIIACTUBOCTI ITap CHLL:

— HE 3MIHIOIOYM Jii mapu CHJI Ha TUIO, Mapy CHUJ MOXKHa OOepTaTd Ta MEePEHOCUTH, SK
3aBTOIHO, B IIOMHI 1T ii;

— Ji Mapu Ha TUIO HE 3MIHIOETHCS, SKIIO CKJIAIOBI CHIIM 1 IJie4e Mapu 3MiHIOBATH, aje Tak,
100 MOMEHT TapH 1 TUTOIIMHA i1 3aTHIIAITHCS HE3MIHHUMU;

— KOJIM Ha TUIO J€ CHUCTeMa Map CWUJl, TO Mapyu 1 MOMEHTH Hap MOXHa JoJaBaTu. SIKIIo Bci
Mapy JIaHOI CHCTEMH Tap PO3TAIIOBaHI B OJHIN TUIONIMHI, TO MOMEHT Pe3yJIbTYyIOUOl Mapu JAOPIBHIOE
anredpaidyHoOi CyMi MOMEHTIB CKJIJIOBUX Map

n
M=>m,. (1.34)
k=1

YMoBHM piBHOBaru Tijia mijg i€ cucreMu nap,
110 PO3TAIIOBAHI B OIHIH MJIOMIMHI

SIkmo Ha TinO Jie cucreMa map cuil 3 MoMeHTamu My, M, ..., M, 1 MOMEHT Pe3yNbTyI40i
napu M | gx Bxe Bimomo, Oyae JopiBHIOBaTH anreOGpaiuHiii cymi MOMEHTIB CKIIaIOBUX [ap, TO JUIs

piBHOBaru Tija HEOOXIAHO 1 MOCTaTHHO, OO MOMEHT PE3yNbTYIOYOi Mapu JOPiBHIOBaB Hymo. B
TakoMy pa3l 1 anreOpaiuHa cymMa MOMEHTIB CKJIaJOBUX IMap TEX IOBMHHA JOPIBHIOBATH HYIIIO.
AHamiTiyHO 11e Oyie MaTh TaKUi BUTIISAT

M :Zn:mk =0. (1.35)

k=1

3anuTaHHs AJ5 CAMOKOHTPOJIIO:

11.  Yomy naopiBHIOE piBHOJIWHA JBOX OJIHAKOBO CIPSIMOBAaHMX MapajenbHux cui? Jle
3HaXOJUTHCS TOYKA 11 IPUKIAACHHS?

12. Yomy nopiBHIOE piBHOJIIHA ABOX MPOTHIIEKHO CHPSIMOBAaHHUX MapaienbHux cun? Jle
3HaXOJUTHCS TOYKA 11 TPUKIAICHHS?

13. [ITo Take MOMEHT CHJIM BITHOCHO IIEHTpa (TOUKH)?

14.  Kynu cnpssMoBaHUI BEKTOpP MOMEHTY CHUJIU BIJTHOCHO TOYKH?

15.  IIlo Take mapa cui, abo mpocTo napa?

16.  SIki BmacTMBOCTI Ma€ mapa CHJI Yy TUTOIIIHI?

17. Sk BuzHauutu MomeHT napu? Kyau cnpsiMoBaHHI MOMEHT MapH K BEKTOpP?

18.  flka ymoBa piBHOBaru CUCTEMH Tap y TUIONIUHI?

19.  SIki aBi mapu € eKBiBaJICHTHUMHU?



Jlekuis 4.
Tema: Ilnocka cucremMa J0BiIbHO PO3MIILIEHUX CHJI

MapanenbHi cuiu. JlogaBanHs ABOX napaJiejibHUX CHJI

Sxmo miHil Aii cui mapaienbHi, TO TaKi CHIIM HOCATH Ha3BY "MapaliebHi cuin'.

PosrisHemMo nmuTaHHsS PO J0JaBaHHS CUJI, JiHIT Al AKUX napanenbHi. [lpu nuboMy TyT MOXYTh
OyTH /1Ba BUIIQJKH: KOJIM MapajieibHi CHIM MAalOTh OJHAKOBHUN HANPSMOK Ta KOJHM HapayielbHi CHUIIH
MIPOTUJICIKHO HAIIPSIMIICHI.

1. Po3ristHeMo BHIIA0K, KOJH JIBi TapaliebHi CHIIM MAIOTh OJIHAKOBHI HAIPSIMOK.

Maemo TiO, 10 SKOTO MPHKJIAACHI JABI TapayiebHI CHUJIH: Pl -BToumi A i PZ - B Touli B

(puc. 1.12). Hanpsimok cut P, i P, onnaxosuii. Jlogati cuim — e 03HaYae BU3HAYMTH X PIBHOAINHY.

53 D 54

Puc. 1.12

Crnouarky 3'eqnaemo Toukn A i B mnpsamoro. Jlami mpukmagemo B Toukax A i B
3piBHOBKEHY CHUCTEMY CHII P3 i P [Tpuuomy P3 = - P4. Bekrtopu cui P3 i P4 po3mimieni Ha
npamiii AB. Jlpyra akcioma cTaTMKu [03BoJs€ e 3pooutH. Bracmigok mporo B Toukax A i B
oTpuMani 1o aBi cum (B Toumi A — F_’1 i P, ,aBTouli B — |32 1 F_)4), SIK1 MOKHA J0JIaTH (3aBIsSKH

TpeTii akciomi cTaTHKHM) i B KOXKHIi To4ui oTpumaty piBHoaiiHi cmm — R 3 i R, 4.

[lepeneceMo TOYKHM MPUKIAAAHHS PIBHOMIMHUX Rls 1 R2 4 B3JOBX JIHIH iX JAii B TOUKy

neperury D . Jlani posknazemo koxuy piBHOmiiiHy Ha ckmanosi: R, 5 poskmamaetscs va P i P, a
R, , va P, i P,.3a Bxe Binomor npyroto akciomoro cratiku npukiazeni B touni D cum Py i P,
2,4 yr p

€ 3piBHOB)KEHOIO CUCTEMOIO CHJI, Ky MOYKHA BiJIKHHYTH. 3aJIHINAIOTHCS NpuKaaneHi B touni D nsi
CHIIH P i P, HANPSIMOK SIKUX cmiBnaaae. Jlogamo ix 1 oTpuMaemMo piBHOAINMHY R, MOJIYJIb SIKOT Oyze
JIOpPIBHIOBATH
R=P+P,. (1.19)
[lepeneceMo BEKTOp piBHOMINHOI CHIIU R 3 touxu D B touky C, sika po3TamioBaHa Ha
npsamiii AB. Po3rnsHeMO TpUKYTHHKH, sKi € Ha puc.1.12. ITozHaunmo OyKBaMM KiHI[i BEKTOPIB CHJI

P L, P M, R13 K, R214—N. Sk 6aunmo 3 puc. 1.12, AADC noxiouuit AAKL i

ABCD nogi6ruit ABMN. [Ina nomiOHuX TpUKyTHHKIB MOKEMO CKIAacTH Taki IBi HpOMOpIi

AC DC BC DC
KL AL MN BM

. TlpupiBHsemo ix, ockinbku B HuX € cinbhuii wien DC, orpumaemo



AC-AL BC-BM
KL MN

[Toka)xeMO  TIO3HAYEHi JIITEpPAMH (AL, BM, KL, |\/|N) B 1OMY BHpa3si cuiaM

(P, P, P, P4). Bynemo marw:

DC =

AC-F, _BC-PR,
R P
Sxmo ckoporutu Muoxuuku Py i P, (P; = P,) i meperpymyBarn, To orpumaemo Take
CHiBBiJHOIIECHHS
ﬂ:B_C. (1.20)
P, AC

Takum 4ymHOM, Ha minacTaBi orpuManux BupasziB (1.19) 1 (1.21), ocrarouyHo MoOKHA
chOpMYITIOBATH HACTYIHY TEOPEMY: pIiGHOOINIHA 080X NAPANENbHUX CUM, SKI MAlomb 00HAKOBUL
HanpsMoK, € CYMOIN YUX CUl, NApalelbHa YuMm CUIaM i CHpaMosaHa 8 mot dce OiK, mouka ii
NPUKIAOAHHA OLIUMb 6HYMPIWHIM YUHOM BIOpPI30K, WO 3'€0HYE Cunu, HaA YACMUHU, AKI 0OepHeHO
NPONOPYIUHI CUNAM.

2. Jlani po3risiHEMO BUIAI0K, KOJIH € JBl MapajeinbHi CHIIH, ajie HAIPSMOK SKUX IPOTHIICKHHUM.
SIk B 1bOMY pa3i BU3HAYHTH iX PIBHOAIHHY?

V4BUMO, 110 10 JOBiILHOTrO Tina B Toukax A i B mpuknaneni asi napanenbHi cuin F_’l i P, ,
K1 MalOTh IPOTHIICKHUN HanpsMmok (puc. 1.13). Baxkaemo, 1mo Moayini cui F_’l 1 |32 HE OJTHAKOBI.
Jani 6yze 3p03yMiso, 4oMy Tak IpuiMaeThes. SIK i B IONEpeaHpOMY BHIAAKY, 3'caHaeMo Toukn A i
B npsamoro, npuennaemo B Toukax A i B 3piBHOBaxkeHy cucTeMy cui ]33 = - F_’4, BEKTOPH SIKOT
posramoBani Ha npamii AB i marTe npoTunexnHuil HanpsMok. J{ogamMo CWiM, SKi TPUKIAnEHi B
toukax A i B i orpumaemo aBi piBHOiHHI |§1’3 i |§2’ 4 SIx ©6aumnMo, 1i PIBHOIIHI MalOTh HAIIPSMOK
pi3HUil, aje BOHM HE MapajesbHi 1 JiHIi iX Jii HepeTHHAIThCs, B IaHOMY BHIAJKy IMOIepeay Tijia B
touni D . Sk i B momepenuboMy BHNanKy, IEPEHECEMO PiBHOIMHI |§1’3 1 ﬁZ, 4 TO JHIAX iX 1ii B

touky D i posknazemo koxHy Ha ckimanosi. 3piBHOBaxkeHy cucremy cun Py i P, Binkumaemo i

ocrarouno Maemo B touri D n8i e Py i P,, siki nexats Ha oxuiit npsiMii i MaroTh npoTriiexHuit

HanpsMok. L{i cuimm Mo)XHa reoMeTpUYHO J10/1aTH OTPUMABILM iX PIBHOAINHY. B naHoMy Bumaaky ne
OyJie pi3HULISI CUJI, MOYJTh SIKOi JJOPIBHIOE
R=P-P,. (1.21)

Hanpsimok 1i€i piBHOIHHOT — B 61K OUTBIIOI CHTH, TOOTO, B O1K CHIIH Pl .

Iepenecemo pisnomiliny R 3 Touku D B3posx miwii ii aii B Touxky C, ska posramosana Ha
npsmiii AB. B nanomy Bunanky touka C posmimena 3a mexamu Bigpisky AB, To6T0 3a Toukoro
A, ne 6yna npukianena Ginbpina cuna F_’1 .

3uaiizemMo Micue posramysanHs Touku C. Sk i B momepeaHbOMY BHIIAIKY, PO3TIISHEMO

TpukyTHUKH. [To3Haunmo mitepamu kinni Bekropis cwr: B, —L, P, —M, R ;—-K, R,,—N.

Sk 6aunmo 3 puc. 1.13, ABCD ¢ nonioaum ADMN, a AACD - noxi6unit ADLK . Ins

MOJIOHUX TPUKYTHHKIB CKJIaJIeMO TaKi JBI MPOMOpLii

BC _CD
MN DM’
1
AC CD

KL DL’



Puc. 1.13

OckinbkM  KOXHa mpomopuis  mictuts  MmuoxEuk  CD, To  npupiBmsemo  ix,

_DM-BC _DL-AC

CD . TlokaxeMo, 5K i B OIEPENHFOMY BHIIAJIKY, CHIIH, SKi B IIbOMY BHpasi
MN KL
. P,-BC PF-AC . .
no3HayeHi Jiirepamu. Matumemo P = B Ckoportumo pami naHy pisaicts Ha Py, Py
4 3
(P = P4), OTPHUMAEMO TAKE CITiBBiHOIIEHHS
P, BC
1" (1.22)
P, AC

TakuM unmHOM, Ha miAcTaBl oTpuMaHux Bupaszi (1.21) 1 (1.22), octaTouyHO MOKHA 3amucaTu
Tak: Pienooilina 060x napanenvHux cui, AKi CNpAMOSAHi 6 pi3Hi OOKU, OOPIGHIOE DI3HUYI YUX CUN i
Hanpsamaena y OiK OLIbwol cunu, moyka NPUKIAOaHHs PiHOOIUHOT CUlU OLIUMb 308HIUHIM YUHOM
BIOCMAHbL MIJC MOYKAMU NPUKIAOAHHSA CKAAO0BUX CUL HA GIOPI3KU, AKI 00epHeHO Nponopyiuwi
CKA00BUM CUTIAM.

MoMeHT CHJTH BiTHOCHO IIeHTPAa (TOUYKH).
Aure0paidyHa BeJTH4HMHA MOMEHTY
OO6epTanbHUM €PEKT CUIIM XapaKTePU3Y€EThCs Il MOMEHTOM Bi1JIHOCHO LIEHTpa (TOYKH), a TaKOX
1 BITHOCHO oci (ocTaHHi# Oy/e aami).
Posrasnaemo posineHe TiNo (puc. 1.14), sxe Moxe mosepratrcs HaBkono Touku () (Tounime
HABKOJIO OCi, IKa MEPIEHIMKYIISPHA IUIOMIMHI pUCYHKa 1 TpoxoauTs yepe3 Touky ). [pukianemMo B

inmmx toukax tina A, B, C cum P, P,, P; i Busnaunmo cnouarky, un 3MoxyTs BoHH OBepTaTH

Tis10 HaBkoj0 Touku O .
Sk GaunMo 3 pucyHka, cuna Py, sxa npuknagena y touni A, Moxe MOBEPHYTH TiLJI0O HABKOJIO

toukn O npoty xony crpinku romuunuka. Cuna P, - 3a xomom crpinku rogunnmka. [Tpote cuna Py

HEe MOJKe IOBepTaTH Tio HaBkoso Toukn O , ockinbku niHist aii cumm Py nepernnae nany Touky.

Taxum unnoM cunu P 1 P, crBoprotors obepranbuuit edekr (Moment) BinrocHo toukn O, a cuina

P3 - HI.



Puc. 1.14
Momenmom cunu 8i0HOCHO yewmpa (MOYKU) HAZUBAEMbCA G3AMULU 3 BIONOBIOHUM 3HAKOM
000ymok cunu Ha nieve. Ilieue cunu 8iOHOCHO YeHmpa — ye HatKopomula 6i0Cmans (HepneHOUKyasap)

MIIC OAHUM YeHMPOM 1 TiHi€0 OIi cunu.
MoMEHT BBa)a€ThbCsl JOJATHIM, SIKIIO CHJIa HAMAraeTbCsl MOBEPHYTH TUIO BIIHOCHO AAHOI

TOYKH TIPOTH TOAMHHUKOBOI CTPLJIKH 1 BiJI'€MHUM, SKIIO - 32 TOMUHHUKOBOIO CTPUIKOIO.
Mowment cumn P BigocHo Toukn O nosnavaerses sik My (P)

[Toxaxemo Ha puc. 1.14 medi cun, sKi CTBOPIOIOTH MOMEHTH BiHOCHO Touku () , i BU3HAUMMO
anreOpaiyHi BETMYMHA MOMEHTIB ITUX CHJI

m,(P)=PRh,. (1.23)
m,(P,)=—-P,h,, (1.24)
m,(R;)=0. (1.25)

MoMeHT cHJI SIK BEKTOP

Posrnstnemo cwity P, Bekrop sKoi JOBUNBHO po3TamoBaHuii 'y mpocropi (puc. 1.15).

Bu3znaunmMo MOMEHT CHIIH P BiI[HOCHO I[OBiJ'II)HO'l. TOYKHU O , AJId 40T0 OITYCTUMO 3 TOYKH 0 J0

BekTopa cumu P neprienmukynsp, ne 6yne miede N . Toxi anrebpaiuna BenmmanEa MOMEHTY cui P
BimHocHo Toukn () nOpiBHIOBaTHME

m,(P)=Ph. (1.26)

[Mo3nauumo nitepamu A i B kinui Bektopa cumu P i 3'ennaemo ix 3 Toukoro O . OcHOBOIO
tpuxyranka AOB € Bexrop cumn P, a Bepmmna posmimena y touni O. Ilmese h e Bucororo
tpuxyranka AOB. Toxi moment cumu P BigHOcHO Toukn O € MOABIHHOI IUIOWICIO TPUKYTHHKA
AOB, t06T10

m,(P)=2S A AOB. (1.27)

Jaxi nposenemo yepes Touky (J mpocTopoBy jekapToBy cuctemy koopaunar OXyz 3 opramu

I, ], k. BBaxkaemo, mo Bincrans OA € pamiyc—BekTopoM I Toukm A NpHKIamaHHS BEKTOpa CUIIH

0

OCKIJTbKM MOMEHT CHJIH P BiIIHOCHO TOYKHU O , AK MM BHU3HA4YUJIH, € HOHBiﬁHOIO IIJIOIICTO

TPHKYTHHKA, TO nobyayemo mnapanenorpam OABD. ®aktuuno Bektop cumu P Mu mepeneciu
napaneibHo camomy cobi y Touky O . Tenep Moskna 6auntu, mo B Touri O npuxiageHi 1Ba BeKTOpH

I i P, na axux i no6ynosano mapanenorpam. A 1e, sk BiJoMO, € BEKTOPHUI JOOYTOK JBOX BEKTODIB

I <P . Takum 4uHOM, MOMEHT CHIIM BiZHOCHO ToukH M (P) € Pe3ylbTYIOUUM BEKTOPOM JOOYTKY

nBox Bektopis I i P, To6T0 m0(|5)= FxP.



Puc. 1.15

Ocratouno cHOPMYJIIOEMO BU3HAYEHHS: momenm cunu eionocrno yenmpa O ax eexmop
npoxooums kpize mouxy O, nepnenouxynsapno niowi mpuxymuuxa OAB, i cnpamosanuil y moii 6ik, 3

AKO020 MOdCHA bayumu obepmannsa mina nio dicio cunu P eionocno mouxu O npomu 200unnuxosoi

cmpinku. 3a mooynem 6in 0opisHioe noOGiliHill niowi mpukymuuxa, saxuti ymeopioe eexmop cunu P i
mouka O .

TakuM 4YMHOM, MOMEHT CHJIM BIJJHOCHO TOYKH SIK BEKTOpP IMOBHICTIO BHU3HAYa€ OOCpPTAIbHUIA
eeKT cwiy, sKa MPUKIAeHa 0 Tia: JIiHisA HOro Ail BU3HAYAE IUIOMIMHY OOCpTaHHS, HOro HAIPSIMOK
BU3HAYa€e HANPsIMOK 00epTaHHS, a JIOBKHHA Y TICBHOMY MaciTaldl BU3HAYAE MOIYJIb MOMEHTY.

Busnaunmo aHamiTHYHO 3HAYEHHS MOMEHTY CHIJIH BITHOCHO TOYKH.

V npuiiHaTiii cucteMi Koopaunar Bektopu I' i P Mokna Bupasutu uepes BiamosiaHi npoekii
Ha ocl. A came

r=xi+yj+zk, (1.28)
P=PRi+P,j+Pk, (1.29)

ne X,Y,Z - npoekuii paniyc — BekTopa I Ha oci KOOpIWHAT, PX, Py, PZ - TIpOeKIii BeKTopa

cumu P Ha BigmosimHi oci; i_, j,k - BIATIOBIHI OPTH OCEH KOOpAMHAT.
OckinbKH
m,(P)=rxP, (1.30)
TO, SIK BIZIOMO 3 BEKTOPHOi anreOpH, BEKTOpHUN JOOYTOK MOXKHA 3amucaTH y BHIJISAL
BHU3HAYHMKA TPETHOT'O MOPSIIKY Uepe3 MPOeKIlii BEKTOPiB Ha OC1 KOOPAUHAT Ta OPTH, a caMe:

i, j, Kk
m,(P)=FxP=|x vy, z
P.P,.P,
Po3KpreEMO JaHuil BU3HAYHKK 3a €JIEMEHTAMU TIEPILIOTO PAAKA, OTPUMAEMO
mo(ﬁ):(sz — zPy)f+(sz —xP,) ]+(XPy — yPX)IZ. (1.31)

Koedimientn npu oauHMYHUX BekTopax y Bupasi (1.31) € mnpoekuisiMu MOMEHTY CHJIH
BiJIHOCHO TOYKH SIK BEKTOP Ha OCi KOOpAUHAT X, Y,Z. A came



[mO (F_))] x = sz - ZI:)y’
[m,(P)], = 2P, - xP,, (1.32)

[mO(P)]Z = xPy - yP,.
Cucrema cuJi, 10BUIbHO PO3TAIIOBAHMX Y MJIOUIUHI.
Teopema npo napaseiabHe MepeHeceHHs] CUIIH
Skmio miHiT il cWiI, MPUKIAICHUX J0 TiJIa JOBLILHO PO3TAIIOBaHI B OJIHIN IUIOIIMHI, TO TaKa
CHCTEMa CHJI 3BEThCA "MJIOCKOI CUCTEMOIO JOBIILHUX CHII".
Po3sriisHeMo Teopemy Ipo mapaieibHe INMEPEeHEeCEHHS CHIIM, [0 NPUKIAJCHa 0 Tija, SAKY

MOJKHa BBaXKaTH JIEMOIO. BisbMeMo noBinbHe TilIo, 10 sikoro B touni A npukinajgena cuna P, 3 niniero
nii MN (puc. 1.17, a). BuGepemo nHa tini apyry touxy B i mposenemo xpisb Hei npsmy, napanensHy
npsamiii MN . Ipuknanemo va wiit mpsmiii y touni B 3piBHOBaxkeny cucremy cun P, = —53 , Moy
yCiX TPHOX CHJI BUOEPEMO OJTHAKOBHUMH, TOOTO

P=P,=P. (1.36)

m (ﬁ1) N mg(ﬁ»])

oA

Puc. 1.17

Temep, sk OGaummo 3 puc.1.17,6, cum P, i P; wmoxna of'emnatn y mnapy cun

(P =P, IS1 // ISS) 1 il MO’KHa 3aMIHUTH MOMEHTOM m(ﬁ, 53) napu. MoJynb MOMEHTY L€l napu

Oyze JopiBHIOBaTH MOMEHTY HaHoi cuin P, BigHOCHO Touku nepenocy B:
Orxe, ocraTouyHO MaemMo cminy P, ska mepeHeceHa mapaiensHO B TOuky B (cuia
P,, P, =P,) i, tax 3sany, "npuexnany" napy (ISl |53), MOMEHT SIKOI1 JOPIBHIOE MOMEHTY CHJIM, IO

NEPEHOCHUTHCS, BITHOCHO TOYKH niepeHocy (puc. 1.17, g).

TakuM yuHOM, TeOpeMy MOKHaA C(HOPMYITIOBATH TaK: NpuU NAPALENbHOMY NEPEHOCE CUNU 8 THULY
MOUKY pieHO6a2a mina He 3MIHUMbCA, AKWO dooamu "npucoHany", abo Komneucylouy napy, MOMeHm
AKOI 00PIBHIOE MOMEHMY OAHOI CUNU BIOHOCHO MOYKU NEPEHOC).

3BeieHHS MVIOCKOI CHCTEMH IOBIIBHUX CHJI 10 JAHOI0 IIEHTpa

VSIBUMO NOBUIBHE T1JI0, 1[0 3HAXOIUTHCA IIJT JIE€I0 CHCTEMH CHII 5, P, , P, Y eeey F_’n , TiHiT mii
AKX PO3MIIIIEH] Y IUIOMIMHI PUCYHKY 1 po3TaiioBaHi 1oBijbHO (puc. 1.18, a). Bubepemo Ha Tisi TOUKY
O sk uenrp 3senenns. IlepeHeceMo y LEHTp 3BeNEHHS BCi CHIIHM, Ki JiIOTh HA TiJlo, MapaaeibHO
caMuM c001 (SKIIO JIiHIS J1i CHJIA IEPETUHAE TOYKY O, 1o us cuia MPOCTO MEPEHOCUTHCS TMO JIiHIT Ail
y LICHTP 3BEACHHS).



Puc. 1.18

Poznounemo 3 cwim F_’1 Cuna 1epeHOCUThCs MapajielbHo caMiit cobi y Touky O, ane mpu
OMY IO TiJIa JOJAETHCS MOMEHT ITPUETHAHOI AU CHJL, SIKHIA JTOPIBHIOE MOMEHTY CHJIH IS1 BIJIHOCHO
TOYKH O .

m, =m,(R) = FRh,. (1.38)
Tenep maemo cuiry F_’1 , KA TIPUKJIajeHa 10 Tina y nentpi 3senenns O, Ta npueaHany 10 Tina

napy Cuii 3 MOMEHTOM M), .

[oni6ro BumnMMO i 3 pemrroto cun Py, Pi, ..., P,. Bci BoHM mepeHocsTbes mapasieibHo
camMuM co0i y IIEHTp 3BeJIeHHS Oi MIPH IbOMY JI0 Tija 0al0ThCs MPUEIHAH] TTApU CUIT
m, =PR,h, =m,(R,),
m, = Ph, =m, (R,), (1.39)
m, = I:)nhn = mo(Pn)-
B pesynbrati Takux onepauiii 10 Tina y touri O mpuknaneHa miuocka cucTeMa 301KHHX CHIT
P, P, B, ..., P, iHa rino nie cucrema map cun 3 Momentamu My, M,, Mg, ..., M, Bennunsu
SIKUX BU3HAYAIOTHCS 3anexHicTio (1.39).

Cucremy 36ixnux cun y tounti O MoxHa 3aminuTH ofHiero cunoo R, ronosHuM BekTOpOM
TJIOCKOT CUCTEMH JOBUTHHUX CHIL. J[JIs1 IIbOTO HEOOXITHO TEOMETPUYHO JOJIaTH CUCTEMY 301KHUX CHII,
npuknanenux y nentpi ssenenns O, To6To mobymysaTu cunoBHil MHOTOKYTHUK: (puc. 1.18, 6)

n
R=>PF. (1.40)
k=1

Cucremy map cui, ska Telep MNPUKIAJAEHA JO0 TUIA, TAKOXK MOXKHA JI0JIaTH, OTPUMABIIH
TOJIOBHUM MOMEHT IJIOCKOi CHUCTEMH JOBUIBHMX CHJI, SIKHH JOpPIBHIOE anreOpaiuHiii cymMi MOMEHTIB
CKJIa/IOBUX Iap:

M_ =

0

m, . (1.41)

=
Il S
=



TakuM YUHOM, NIOCKA cucmema OOGIIbHUX CUlL Modce Oymu 36edena 0o oomici cunu R —
201061020 6ekmopa cucmemu, i oouiei napu 3 momenmom M, — zonosnozo momenmy cucmemu

(puc. 1.18, 6).

lonosnuii éexmop cucmemu OOpIGHIOE 2e0OMEMPUYHIL CYMI B€KMOpPI8 CKIA008UX CUl, d
20JI0BHUIL MOMEHM cucmemu OOpIGHIOE aneeOPAiyHill CyMi MOMeHmiI8 YCIX CUl GIOHOCHO YeHmpa
38€0€HHL.

TConosuuii Bektop R i romosumii moment M (BigHOCHO Oymb-KOr0 LEHTPY 3BEICHHS)

MJIOCKO1 CUCTEMHU I[OBiJ'II)HI/IX CHJI MAarOTh ,Z[GSIKi BJIACTHUBOCTI. TaK, BCJIMYMHA I'OJIOBHOI'O BEKTOpa R HC
3AJICKUTH BiI[ ITOJIOKCHHS LICHTPA 3BCACHHS, a BEJIMYMHA I'OJIOBHOI'O MOMCHTY M 3aJICKUTDH Bi,[[ 3MIHU

LIEHTpa 3BEJEHHsA. A SAKIIO TOJOBHUM BekTop R mopisHioE Hymro, To ronosHuii MmoMeHT M Takox
Oy/le HE3AIEKHUM Bix BUOOPY LeHTpa 3BeaeHHs. SIKmo x ronosuuii moment M mopismioe nymro, To

rojoBHMi BekTop R Oyze piBHOAIMHOO IIOCKOT CHCTEMH CHIL
Bu3HaunMo aHaTITUYHO TOJIOBHUIN BEKTOP Ta FOJIOBHUN MOMEHT IIOCKOI CHUCTEMU JIOBIIbHUX

cun. Jlns ronosHoro BekTopa R crmouarky BM3HauMMmo HOro mpoekmii Ha OCi IIIOCKOI JIeKapTOBOi
CHCTEMH KOOPJHMHAT (BiIMOBIIHO 0 TEOPEMH IPO MPOEKIIiI0 PiBHOAINHOI CHIIM Ha Bich). A came

(1.42)

k=1
e ka , Pky - MMPOEKIIii CKIaJ0BUX CHUJI CUCTEMH Ha BIIOBIIHI OC1 KOOpUHAT.

MOI[y.]'IL T'OJIOBHOT'O BCKTOpPa ,Z[OpiBHIO€

R=R;+R;. (1.43)

Tonosuuit Mmoment M BH3HauaeThCs anreOpaiyHUM 10JaBaHHSIM MOMEHTIB CKIIOBUX CHII
BigHOCHO 1enTpa 3esenns O, a came

n n
M=>"m =m,(R)+m,(P)+...+ m (P)=>"m,(R). (1.44)
k=1 k=1
Yacrunui BHNIAAKH 3BeIeHHS IJIOCKO1 CHCTEMH JOBIILHUX CHJI

10 1aHOTO LeHTPa
[Ile pa3 BUALIMMO OKpeMi BHIAAKH, SKI MOXYTh OyTH NpH 3BEACHHI IUIOCKOI CHCTEMH
JOBUTBHUX CHJI JIO TAHOTO IIEHTpa. A came:

1. Tonoenuii Bektop R =0, a ronosunii momenr M #0. V mpomy Bumaaxy Bennumna
rosioBHoro Momenty M He 3anexuts Bix BUOOPY LEHTpA 3BENCHHS;

2. Tonosuuii moment M =0, a ronosuuii Bexktop R #0. Y nanomy Bumazky ronosnwuii
BekTop R € piBHOAilHOIO critor0;

Teopema BapiHbOHA IPO MOMEHT PIBHOAINHOI CHJIH

Momenm pigHoOIlIHOI cunu 8iOHOCHO 0Y0b-AK020 YeHmpa (MouKu) OOPIBHIOE aneeOpaiyHil cymi
MOMEHMIG CKIAO0BUX CUTL BIOHOCHO MO0 JHC YeHmpa.

Jloseoenns. Maemo IOBiIBHE TiNo, 10 AKOro B Touni A mpuknageHa cucTeMa 301LKHHX CHIT

|3, |5, |3, ey |3n, sKa 3BEJIEHA JI0 PIBHOAINHOI CHIIH R (puc. 1.19). BubGepemo AOBUIBHY TOUYKY
O (uentp) i BU3HAYMMO BiJHOCHO Hei MOMEHTH BciX cui. IlouMHAEMO 3 CHJIH |31 3HaiieMo ii
MomeHT BigHocHO Touku O . CrowaTky 3'€IHAEMO MPAMHUMH JIHISIMM TOYATOK i KiHEIlb BEKTOpA CHITH
|31 3 toukoro O . IIposenemo kpiszk Touxky O npsamy, sxa nepnenauxynspna npamiii OA, i 6ynemo
BBaXKaTU LI0 MpsAMY Biccio X (ToOTO 3amamo ii HampsiMoKk). MOMEHT cuiu F_’l Bignocno Touku O €

nogiiinoro miomero tpukyrauka OAB | To6To

m, (P, )= 2SAOAB. (1.45)



Puc. 1.19

Busnaunmo 1iomy mporo TPHKYTHHKA. SIK BiZoMO, IIe € TOJOBHHA JOOYTKY OCHOBH (Y
namomy sunanky ne cropona OA) ma Bucory TpukyrHuka N. A BucoTa y JaHOMY BHIAAKy

nopiBHIOE Tpoekuii Bekropa cuim P, na Bick x — P, . Takum unnom, Moment cumu P, BizHocHo

touku O nopiBHIOE
mO(I31)=2-%OA-PlX =0A-P,. (1.46)

AHAJOrYHO 00YUCIUMO MOMEHTH 1HIIUX CHJI CUCTEMU

mo(F_)Z):OA' I:)2x’

mo(E):OA°P3x’ (1.47)

Tenep nepelizemo 10 piBHOIINHOT R cucTeMu cui i TakuM ke YMHOM BU3HAYUMO ii MOMEHT
BizrocHo Toukn O . Bin Gyzne nopiBHroBaTH

m,(R)=0A-R,, (1.48)
ne R, - npoexuis piBHOAiNHHOT crnin R Ha Bics X.

3riIHO TEOpEeMHU MpPO MPOEKIiI0 PIBHOINHOT CHJIM Ha BICh, sIKA JOPIBHIOE anredpaiuHiid cymi
MPOEKITIN CKJIAIOBUX CHJI Ha ITI0 BiCh, MOYKHA 3aITUCaTH

m,(R)=0A-R, =OA(R, + Py, + P, +..+P,,). (1.49)
POSKpI/IBaIOLII/I AYXKKHU, MATUMEMO
m,(R)=0A.P, +O0A.P,, +OA-P, +...4+0A-P,,. (1.50)
HpaBa YaCTHHA MOaHOr'o BHUpa3ly MICTUTh MOMEHTH CKJIaIOBUX CHII F_?I.’ F_)Z’ 5 ) seay ﬁn

BimHocHO Toukn (. OCTaTOYHO OTPUMAEMO

m0(§)=m0(|51)+m0(|52)+m0(F_g)+...+mO(F_>n)=kZi;mo(l5k). (L5

TakuM YMHOM, 3 OCTAaHHBOTO BHpa3y BUJHO, II0 MOMEHT PIBHOAIMHOI CHJIM BIAHOCHO OYIb-
SIKOTO IIEHTpa JOPiBHIOE aireOpaiuHiii cyMi MOMEHTIB CKJIaJJOBUX CHJI BIJIHOCHO TOTO K LIEHTpA.
Teopema noBeneHa.



YmoBu piBHOBaru Tija
Iix JicIo MJIOCKOI CHCTEMH NOBLILHUX CHJI

Bynpb-sika muiocka cuctema JOBUIBHUX CHJI 3aBXKIM MOXe OyTH 3BECHA /10 OHI€T CHIIH, sIKa Mae
Ha3BY rOJIOBHOTO BEKTOpPa CHCTEMH, 1 OJTHI€T Mapy — rOJIOBHOTO MOMEHTY CUCTEMH.

Tomi ans piBHOBAru IUIOCKOT JOBITBHOI CHUCTEMU CHJI HEOOXIJHO 1 JIOCTaTHBO, 100 TOJOBHHIA

Bektop R ironosnuii ii Moment M mopiBHIOBaNU HYIIO.

R=0, (152)
M =0, '
a00 Jepe3 MPOEKIIii FOJIOBHOTO BEKTOpa:
R, =0,
R, =0, (1.53)
M =0,
a OTKC
] .
Z ka - O,
k=1
n
>Py=0 ¢ (1.54)
k=1
n —
Z mo ( F)k ) =0
k=1

Takum yuHOM, JUIS PIBHOBAru Tijia, IO 3HAXOAMTHCS I JI€I0 IUIOCKOI CUCTEMHU JTOBLIBHUX
CWI, HeoOXiOHO 1 docmamubo, MO0 anredpaiuHi CyMH MPOEKIN BCIX CHJI Ha OCI KOOPJHMHAT 1 cyma
MOMEHTIB BCiX CHJI BIIHOCHO JOBUIBHOTO IIEHTPa IOPIBHIOBAIH HYIIIO.

[cHYIOTH /Bi 1HIII €KBIBAJIEHTHI CHCTEMH YMOB PIBHOBArd IJIOCKOI CHCTEMH JOBUTBHUX CHI. A

camMe:
Zn: P, =0,
k=1
n J—
> ma(R)=0, (1.55)
k=1
> mg(R)=0
k=1

Ha nany cucremy ymMOB piBHOBAarM HakKJIAJa€ThCs OOMEXEHHsS: TMpsiMa, sSIKa MOXKE 3'€IHATH
touku A i B, BiIHOCHO SKMX BHM3HAYAIOTBCA CyMH MOMEHTIB yCiX CWJI, HE MOBMHHA OyTH
NEePIEHANKYIISPHOIO Oci (Y JaHOMY BHIAJKy Ooci X ), Ha IKY IPOEKTYIOThCS CHIIH.

Tpetst cuctemMa yMOB piBHOBaru Mae Takuil BUTIIS]

2 mA(ISk): 0,
k=1
> mg(P)=0, (1.56)
2. Me (F_)k ): 0.
k=1

Ha 110 cucTeMy yMOB piBHOBaru HakjaaaeThcs Take ooMexenns: Toukn A, B i C, Bimnocno
SIKUX BU3HAYAIOThCS CyMH MOMEHTIB yCIX CHJI, HE IOBUHHI OYTH po3MIlIeH] Ha OJIHINA MpsIMiil.

3ocepen:keHi CHIIM Ta PO3MOALJIEHI HABAHTAKEHHS



Mu posrnsganu Cuid, siki Oynu MpencTaBlieHl y BUIIAII BEKTOpPa, MPUKIIAJAECHOTO 10 TOYKH.
[Ipote y mpupoi iCHye BeMMKa KUTBKICTh B3a€MOJIIH T, K1 3/IIHCHIOIOTHCS HE B TOYIII 1 KI HE MOYKHA
YSIBUTH Y BUTJISI BEKTOPA, IPUKIIAIEHOTO IO TOUKH.

Taxkumu crutoBuMH (aKTOpaMH € CHIIM TUCKY PITUHU a00 razy Ha MOBEPXHIO TBEPAMX T1J, CHIIUA
TSDKIHHSA, SIK MACOB1 CHJIM, €JIEKTPOMArHIiTHI CHJIM TOIIO. A TOMY Y TEOPETHYHINA MEXaHilll BBOAUTHCS
TIOHSATTS PO PO3IMOAUICHI CHIIH, SIK1 IUIATHCS HA MIOBEPXHEBI Ta 00'€MHI.

[ToBepxHeBi CHIIM JiIIOTh HA AESIKY HOBEpXHIO Tina. O0'eMHI CHIIM iIOTh Ha KOXXHHUU €JIIEMEHT
00'eMy Tifa, sike po3risaaeThes. [IpUKIIaoM TaKuX CHII € CUIIa TSDKIHHS.

Y TeopeTWYHI MeXaHillli PO3TIAJAEThCS Jisi Ha TUIO TIIBKA 30CEPEIDKEHUX CHII, SKi
MPUKIIAJEH] 10 aOCOTIOTHO TBEPAUX TUL. A TOMY pO3IOIiICHE HaBaHTAKCHHS HEOOXITHO 3aMiHUTH
Horo piBHOAIMHOIO, TOOTO 30CEpEIKEHOIO CHIION. BBeeMo aekiibKa 3arabHUX MOJI0KEHb.

Posnoninene HaBaHTaKEHHS XapaKTEPU3YETHCS MOro IHTEHCHBHICTIO (, TOOTO BEIMYMHOIO

CWJIH, sIKa TIPHUIMAJace Ha OAMHHINO 00'eMy Tina (y BUIMAAKy 00'€eMHHMX CHJI), Ha OAMHMINO TUomi (y
BUIAKy OBEPXHEBUX CHJI) Ta HA OJAWHHIIO JOBXHUHU (SKIIO IMOBEPXHIO, HA SKY Jli€ HaBaHTaKCHHS,
MOJKHAa BB@)KaTH JIIHIEI0, TOOTO HIMPUHOIO MOBEPXHI MOKHA 3HEXTYBaTH). B ocTaHHBROMY BHIAIKy
pO3Io/IiIeHe HaBaHTAXKEHHS Ma€ Ha3BY IJIOCKOTO, HA CHJIOBUX CXEMaX BOHO 300paKyeThCsl Y BUIIIAIL
emnropy, To0TO rpadika IHTEHCUBHOCTI HABAaHTAXXECHHS, SIKE MPUKJIAZICHE 10 JIIHIHHOTO KOHTYPY TiJa.

V 3araJpbHOMY BHUNAJIKY PO3IOJiIIEHE HABAHTAKEHHS 300paKy€eThCs y BUIIIAI MEBHOI KPUBOI,
o0 BijoOpaXkae JaHWil 3aKOH 3MiHU IHTEHCHBHOCTI HaBaHTa)XCHHs Ha nutsHII Tina (puc. 1.20).
Hamnpsimox n1ii HaBaHTa)KEHHS TIOKa3y€EThCS CTPUIIKAMH.

Al = ’ ’ B
¢ YO
PI/IC.ll.ZO )

Cnouarky OyzneMo pO3IJISAaTd TUIBKM PIBHOMIPHO pO3MOJIJICHE HaBaHTaKEHHS Ta
HaBaHTAXEHHS, SKE DPO3MOJUICHE 3a JIHIHHUM 3aKOHOM. 3aMiHIOEMO PO3MOJUIEHE HAaBaHTa)KEHHS
30CEPEKEHOI0 CUJIOH0.

Po3rnsHemo 1i 1Ba BUMAIKu:

— PIBHOMIPHO PO3MO/AIEHE HABAaHTAXXEHHS (200 HaBaHTa)XEHHS, SIKE PO3IMOALIECHE 32 3aKOHOM
NPSIMOKYTHHKA) MOKA3y€eThCS HAa CXE€MaX y BUIJIAAI MPSIMOKYTHUKA, pO3MIpH SIKOTO Taki: BUCOTa — 1€
IHTCHCUBHICTh HaBaHTaXeHHs ( , TOBXKWHA — 11 JOBKHUHA | TIISIHKY Tija, Ha Kl /i€ HABAHTAXKCHHSL.

CTpikn 1NOKa3yloTh HampsAMOK Jii HaBaHTaxeHHs (puc. 1.21). JIng Ttoro, mo6 3amMiHUTH L€
HaBaHTa)KeHHs piBHOINHHOIO cuitoro Q |, TpebGa BU3HAUMTH ii. Y 1aHOMY BUNIAKY

Q=q-l, (157)
ne ( - IHTCHCUBHICTh HaBaHTaXeHHs, | — |; | - JOBXHMHA JUISHKY TiNa, HA SKIA MPHUKIIAJICHE
M

HaBaHTaXCHHs, [ M ].
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Puc. 1.21

Touka C mnpuxnananss piBHOAINHOI cHaM Q PO3MIIIYETHCS TIOCEPEIUHI TIISHKHU Tijla, Ha

skiii mie HaBantaxenuns. Tooro AC ZE, a HamnpsMOK CIIIBIQJIa€ 3 HAMPSIMKOM PO3IMOALICHOTO

HAaBaHTAXECHHA.
— HaBaHTAXCHHS PO3MOJUICHE 3a JIHIHHUM 3aKOHOM (TOOTO 3a 3aKOHOM TPUKYTHHKA). Y
bOMY BHUNAAKY (puc. 1.22) IHTEHCUBHICTh PO3MOAIIEHOTO HaBAaHTAKEHHS Ha JUISHII | 3miHroeTses

Bi 0 10 MakcuMmanbHOro 3HavyeHHs (,,,. PiBHOmiiiHa cuna Q Bil IIbOI'O HAaBAHTAXEHHSA 3a

BCINYHNHOIO ,Z[OpiBHIOG

1

==q...-l. .
Q 5 dmax (1.58)

Q
qmax

A | Y wlrwlr 1B
Cl s

>
-

Y

Y

Puc. 1.22

Touxa C npuknamanns pisnoniitnoi Q posramosana na sincrani AC=—"-1 a6o BC = §| :

a HampsIMOK CITIBITaIa€ 3 HAPSIMKOM HaBaHTaKEHHS.

Ilinocka cucrema napaJjejibHUX CUJI

Konu minii aii ycix cui mapajienbHi, TO 3aBXIU y IUIONIMHI MOKHa TaK pPO3TallyBaTH OCI
KOOp/AMHAT, IO OJHAa 3 HHUX OyJe OOOB'SI3KOBO TMapasiellbHOI 3aJaHUM CHJaM, a JApyra —
MEPIEeHIUKYISIPHOI0. A TOMY, 11100 TIJIO MiJ JAi€0 MJIOCKOI CHUCTEMH MapaleJbHUX CUi repedyBaio y
piBHOBa31, HEOOX1IHO MPUPIBHATH A0 HYJS anreOpaiuyHy cyMmy MpOEKIiil yciX CHJl Ha HapayielbHy BiCh
1 anreOpaiyHy CyMy MOMEHTIB YCIX CHJI BIAHOCHO JIOBLIBHOI TOYKH. Y JaHOMY BHIMAJKYy CHCTEMa
piBHAHB (1.54) criportyeTbes 1 Oyie MaTu Takuii BUTIISA



(1.59)
mA(F_)k ) =0.

s pisnosaeu mina, wo 3Haxooumvcsi ni0 Oi€l0 cucmemu NAPALETbHUX CUL HA NIOWUHI,
HeobXiono i docmammuwo, wob aneebpaiuna cyma npoexyiii ycix cun na ice, AKa napaneivua cuiam?, i
aneebpaiyna cyma MOMeHmi8 ycix cuil iOHOCHO 008LIbHOI MOYKU A NAOWUHU OOPIBHIOBATU HYTIO.

IHoni g cucreMu mapajieIbHUX CHJI Ha IUJIOUIMHI MOKHa BHKOPHUCTOBYBAaTH 1 Taki yMOBU
piBHOBaru

n

ZmA(F_)k):O’

k=1

kZiims(lsk)zo'

s pienosacu mina, wjo 3HAxXo0umvbcCsi nio 0i€l0 cucmemu NAPAIebHUX CUl HA NIOWUHI,
HeobXiOHo | docmammubo, Woob aneedpaiuni cymu MOMeHmMI8 YCiX CUll BIOHOCHO 0Y0b-AKUX 080X MOYOK
NIIOWUHU OOPIGHIOBANU HYJIIO.

[TpoTe st IUX YMOB iCHYe OOMEXEHHS: JIiHiS 4B, SKOI0 MOKHA 3'€IHATH TOYKH, HC TTIOBHHHA
OyTH mapajeabHOI0 CHIIaM.

Jlani ymoBH HaMO1IbII TpUIATHI IPH pO3paxXyHKax ABOXOMOPHHUX Oanok. BukopucroByrouu mi
YMOBH, CKIaJaroTh anre0paiudi CyMM MOMEHTIB ycix cun BigHocHo Touok A i B, y sxux
BCTaHOBJICHI OTIOPH OaJIKH.

PosrnsHemo npukiaau 3a1ad Ha piBHOBAry Tijia Mij II€I0 IUIOCKOT CUCTEMHU JOBUIBHUX CHJL.

(1.60)

PiBHoBara cucremu Tin

CHCTeMOI0 TiJI HA3UBAETHCS CYKYIHICTD AEKUIBKOX TiJ, SIKi 200 CIIMPAIOTHCS OJIHE Ha O/IHE, a00
3'€IHaHI MapHIpaMH, 110 JAI0Th MOKIUBICTb BITHOCHOTO PYXY TiJ.

[Tpu po3B's3aHHI 3a/1a4 Ha CUCTEMY TLJI PO3PI3HAIOTH CHJIM 30BHIIIHI Ta BHYTPIILHI.

3o6niwni cunu — 1€ CUIIA B3a€MOIII TiJ JAHOI CHCTEMH 3 IHIIHMMHM TiJdaMH, sIKI HE BXOIATH 10
CKJIaJy CUCTEMHU.

Buympiwmni cunu — 11e cuiIM B3aeMOJIi MK OKPEMUMU TiTaMH, SKi BXOJATH JO CKJIaTy NaHOI
cUCTeMU. BHYTpIIIHI CUIIK ICHYIOTH NTONAPHO, SIK JAisl 1 TPOTUIIS.

CTaTM4HO 03HAYeHI TA CTATHYHO HEO3HAYEHI CHCTEMH CHJI

CucremMa cul € CTATUYHO O3HAYEHOIO, SKILO JJIsl HEl MOYKHA CKJIAcTU TaKy KUIbKICTh PIBHSHB
piBHOBAry, sika He MEHINA, Hi’K YUCJIO HEBIJOMUX.

CucremMa cuil € CTaTUYHO HEO3HAYEHOIO, AKIIO YHUCIIO PIBHSIHb PIBHOBATM MEHIIE, HIK YHCIIO
HEBIJOMUX.

VY TeopeTnuHii MeXaHilll PO3ISAAI0THCS TUIBKA CTATUYHO O3HAYEH1 CUCTEMHU CHIL.

Meroauka PO3B'sI3aHHA 3a1a4 HA piBHOBary
MeXaHiYHOI CHCTeMH TiJl

PiBHOBary MexaHI4HOT CHCTEMHU TiJ1 MOKHA PO3TJSAATH B IIJIOMY MiJl AI€0 TUTBKH 30BHIIIHIX
cui. Ane MOXe TaK CTaTUCh, L0 KIJIBKICTh PIBHSAHb PIBHOBAarM OyAe MEHIINM, HDK KUIBKICTb
HeBifoMHX. Toal HEOOX1HO PO3MIISIaTH PIBHOBAry OKPEMHUX TUI CUCTEMH, YMOBHO PO3JAUISIOUM 11
000B'A3KO0BO 10 B's1351X. [IpHuomMy HEOOXiTHO BpaXOBYBaTH, 1110 BHYTPILIHI CHIIM BXOJATh MOMAPHO, K
st T TIPOTHTIS.

PosrnsinemMo npukian po3B'si3yBaHHS 33]a4 Ha PIBHOBAry CUCTEMH TiJl.

Ipuxaan 3.

2 Ha sxy 3aBrojiHo Bicb, KpiM NEpHEHAMKYJISPHOI, ajle IMPOCTIillE MPOEKTYBATH Ha INMapajiebHy CHJIaM BiCh, IO TYT i
IpUHMAETHCS.



Ha tproxmapripny apky A,B,C (puc.1.25) nie Bepruxansha cuta P =10KH. Bara
koxHoi yactunu 6anku Q; =Q, =6 KH . Busnaunrn peaxuii mapuipie A, B, C apku, posmipu sixoi
JaH1 Ha PUCYHKY.

Po3zeé'azanna.

SIk BHIHO 31 CXeMH, 3aJ[aHa CucTeMa Tijl cKiagaeTbes 3 aBox miBapok | rta |l sxi 3'ennani
mapripoM y Touni C. CKiageMo po3paxyHKOBO — CHIIOBY CXEMY, JI€ TIOKaKEMO 3aaHi aKTUBHI CHIIHA
Q,, Q,, P ra peakuii B'sseit: y Toukax A i B (mepyxomi wapuipui omopu) — X,, Y, i
Xg,Y g taytouui C (wapnipne 3'exnanns) — X, X¢ 1a Yo, YS . Li HeBinomi peakuii y Touni
C e Buyrpimnimu cunamu cuctemu ti, a tomy X = X i Yo =YL,

[TokaxkeMo 0ci IPSMOKYTHOI IEKapTOBOi cucTeMu Koopaunat XAY .

Puc. 1.25

YMOBHO pO3JIUISIEMO CUCTEMY TiJ1 Ha JIBa OKPEMHX Tija, IPUUYOMY PO3]iJIeHHS BiAOYyBAa€THCS Y
mapnipi C, i peakiii B HbOMY JUIATHCS MK Tinamu, siK piBHi. Temep po3risHEMO OKPEMO pPiBHOBArY

KOXXHOT'O Ti.]'[a, JJISL 40T'0 CKJIaAEMO I[Bi CUCTEMHU piBHHHB piBHOBaFI/I. BI/IKOpI/ICTa€MO YMOBU piBHOBaFI/I
(1.54).

Jlns nepiuoro Tina:

n
k=1

n
k=1

Zn:mA(ISk):O; Xc-4+Y:.-5-Q,-1-P-4=0.
k=1

st npyroro Tina:



P, =0; X5+ X% =0,

M- IIM-

Py =0;Yg =Yc —Q, =0,

7\_
Il
LN

En:mB(ﬁk):o; Q, 1- X4 -4+Y, -5=0.
k=1

SIK BHOHO 3 OTPUMAaHHMX LIECTH DPIBHSIHb PIBHOBArM, B HUX MICTATHCA IIICTh HEBIIOMHX:

XA Xgr Xeo Yo Yo, Ye.

. . . . o !
Bu3Ha4MMO I HEBifOMI BENMYMHH. 3 TPETHOrO DIiBHSHHS APYroi CHCTEMH BH3HAYHMO Y. .
[epenuiemo 11e piBHSHHS HACTYITHUM YHHOM:

r _ ’
3BIJIKHA 3HAXOMMO PEAKIIII0 YC' :

r _ 4x(’2 _QZ

c=

5

. ! 14 . XY
Ockinbku uncensHo Yo =Ys, a X = X, TO HiACTaBUMO 3HA4YCHHs LMX Peakwuiil y Tpere
PIBHSHHSA NEPIIOI CUCTEMU, OTPUMYEMO

SWCT_QZ)+4XC:Q1+4P,
abo
8Xc=Q, +Q, +4P,
3BIAKU
X, =010+40_52_ceny
8 8

Tenep € MOXJIMBICTh BUSHAUNUTH HEBIAOMY PEaKIiIO Yé . Hixcraumo 3Hauenns X y Tpere
PIBHSAHHSA APYroi cCUCTeMH, OyAeMO MaTH

, 4X.-Q, 4-65-60
c— 5 -

3 mepioro piBHsHHA nepmoi cuctemu Maemo X , = X =65KH . A 3 nepworo pisustuus

=40kH.

o ’ e cee
npyroi cuctemu maemo Xg =—XG =—6,5KH . Hanpsim wiei peakuii mosunen 6ytn npoTuiexaum
[TOKa3aHOMY Ha CHJIOBIHM cXeMl. 3 Jpyroro piBHIHHS MEPUIOi CUCTEMH OAEPKYEMO

3 Apyroro piBHSHHS JPYroi CHCTEMH OOYHCIMMO OCTaHHIO HeBinoMy peaxiiro Yg. BoHa Oyne

nopisriosatn Yg =Y. +Q, =4,0+60=100kH.

TakuM 4YMHOM BU3HAYeHI1 BCl IIyKaH1 BEJIMYUHU.

Bingnosiab:

X,=65kH; Y,=120kH; Xgz=-65kH; Yz =100kH:;
X.=65kH; Y =40kH.



3anuraHusa AJIA CAMOKOHTPOJII0:

20. CdopmymroiiTe TeopeMy Npo mapanenbHe MePEeHECSHHS CHITH.

21. [Ilo Take roJIOBHUI BEKTOP 1 TOJIOBHUNA MOMEHT ITUIOCKOI CHCTEMH JTOBITBHUX CHIT?

22. B sKxoMy BHUMAJKy IJIOCKA CHCTEMAa CHJI 3BOJHUTHCS 10 PIBHOMIAHOI?

23. B skoMy BUMAaJKy IJIOCKA CHCTEMA JOBUILHUX CHII 3BOJUTHCS 10 OJHIET mapu?

24.  Uwm 3aJ1eKUTH TOJIOBHUH BEKTOP BiJl BUOOPY IICHTPA 3BEICHHS?

25. B sikoMy BUNAaJKy rOJIOBHUI MOMEHT HE 3aJIC)KHTh BiJl BHOOPY IICHTPA 3BEICHHS?

26.  Cdopmymroiite Teopemy BapiHboHA TPO MOMEHT PiBHOAIMHOT CUIIM BITHOCHO IIEHTpA.

27. Sxi yMOBHM pIBHOBAaru Tijla, IO 3HAXOAUTHCS IIiJl JI€IO TUIOCKOI CHCTEMH JIOBUIBHHX
cun?

28. Tpu popMu yMOB piBHOBAr# MiIOCKOi CHCTEMHU JOBITBHUX CHIL.

29.  Slke oOMexeHHS HAKIATAEThCSI HA TPETIO CHUCTEMY YMOB pIBHOBaru Tija, IO
3HAXOAMTHCS TT1JT AI€I0 TUIOCKOI CUCTEMU JTOBUIBHUX CHII?

30. Mo Take 30cepeKeHe Ta PO3MOIiIICHe HABAHTAXKCHHS?

31. Sk 3amMiHUTH PIBHOMIPHO PO3IOIIICHE HABAaHTAXKCHHS 30CEPEIHKEHOI0 CUIIOI0?

32. Sk 3aMiHMTH pO3MOJUICHE 3a JIIHIHHUM 3aKOHOM HaBaHTAKEHHS 30CEPEKEHOI0
CUJIOK?

33.  Ckinbke piBHSIHb PIBHOBArW MOYKHA CKIIACTH JJIS TUNTIOCKOI CHCTEMH ITapalieIbHUX CHIT?

34. [Ilo Take cTaTMYHO O3HAYEHI 1 CTATHYHO HEO3HAYCHI 3a1a4i?

35.  SIki 0coOIMBOCTI Ma€e METO PO3B'I3yBaHHS 33][a4 HAa PIBHOBArY CUCTEMU TiJI?

Jlexuis 5.
Tema: LlenTp Baru
IenTp mapajeabHUX CHJI

I[pumycrumo, mwo xo tina y toukax Ay, Ay, Ag,...,A, npuknaneHa cucrema mapaelabHHX i

onHakoBo cnpsimoanux cun Py, Py, Py,...,P, (puc. 1.56). lonamo reomerpuuno cumu P, i P, |

T00TO BU3HAYMMO iX piBHOAilHY R, ,. BoHa Oyne nopisHioBatu

R,=P+P,. (1.139)




Puc. 1.56

Touxka C1 MPUKIATaHHs 1€l PIBHOMINHIN R12 BU3HAYAETHCS 3a BIIOMHUM IPABHIIOM

JOJIaBaHHS JBOX MapajelbHUX CHJI, SKI MalTh OJHAKOBUN HampsMOK. OCKiIbKH CHIN Pl 1 P2
MPUKIIAJEH] Y TOYKax A1 i AQ, TO, 3'€HABIIU Il TOYKH MPSAMOIO, MOXKHA BIJIIYKATH TOJOKCHHS

touxkn C, Ha w1iif npsimiii 3a BifoOMUM piBHSIHHIM

R-AC, =P, AC,. (1.140)

Mani ananoriqso nogamo cumn Ry, i P;, orpumyroun ix pisroxiiiny R, 5, sika € daxrudno

PIBHOIIIHOIO TPHOX CHJI 1 OyJie TOPIBHIOBATH
Rs=R,+PRB=F+P+FR,. (1.141)

Touka C, npuximaganus wiei piBHoxmiiiHoi R;; Takok BH3HAYAeTHCS 3a BKA3aHMM BHIIE

MPaBUJIOM Ha MPAMii C1A3.
TakuM JKe YHMHOM ITOBOJMMOCS 3 PEHITOI0 CHJI, TOCTIJIOBHO iX JIOJAI0YM, 1 OCTAaTOYHO

orpumaeMo piBHOmiiiHy R cucremn napanensmux cun. Bona Oyne mpukinanenoro B tounmi C,
CTIpsSIMOBaHa y TOH ke OiK, IO 1 3a/1aH1 mapaelbHi CHIIM, BeJTMYUHA ii Oye JOpiBHIOBATH

n
R=PB+B+P+.+P=YFR. (1.142)
k=1

[ToBepHEeMO BCi 3a7aHi CHJIM HABKOJIO iX TOYOK MPUKIIAJaHHS B OJMH OiK HA OJMH 1 TOH K€ KyT
1 Tenep 3HalAEeMo ixX piBHOMINHHY. TakoX MOYMHAEMO 3 JOJABAHHS CHJI Pl i P2. Ane, gx 6a4yumo 3

puc. 1.56, a takox 3 piBHgHb (1.139) 1 (1.140), Hi MOy PIBHOAIHHOT FQL2 , Hi TTOJIOKEHHS TOYKHU 11

npukiaganas C; Ha npsmiii A/A,, He 3MiHIOIOTBCS. 3MIHIOETHCS JIMIIEC HANPAMOK, sAKHil Oyne

napajebHUM HOBOMY HalIPSIMKY CHII.
SIK1110 MPOBECTH A0 KiHIIS AOAABAHHS MapaielIbHUX CHJI, K BXKE€ MarOThb HOBHMH HANpsIMOK, TO

OyzneMo 0auuTH, 110 1 piBHOAIMHA R y JaHOMY BHUIAJIKy HE 3MIHIOE Hi CBOT'O MOJYJIIO, Hi MOJIOKEHHS
toukn npuknaganas C . 3MiHIOETbCS TUIe HAMPAMOK i JIiHii i,

TakuM 4YMHOM, TOYKAa NPHKIANAHHsA piBHOAINHOI R cucTeMu mnapanenbHUX cHil 3aBXKIu
criBnazae 3 Toukoro C, monoxeHHs: sKoi 10 BiHOWEHHO 10 monoxkeHHs Todok A, Ay, Ag,... A,

a0o, B3araJii, 10 Tija 3aBXau Oyae He3MiHHUM. L[ Touka Mae Ha3BY LIEHTpa NapayieIbHUX CUIL.
Llenmp napanenvHux cun — ye mMoyka NPUKIAOAHHA iX PIGHOOIUHOI, AKA He 3MIHIOE C8020
NOJIOJICEHHS NPU NOBOPOMI YCIX CUIL HA OOUH I MO dce Kym, 8 00UH i motl e OiK.



®opMy.IH KOOPAHHAT HEHTPA MAPAJe]IbHHX CHJI
[pumycrumo, mwo o Tina y toukax A, Ay, Ag,..., A, mpukianeHa cucrema mapajieIbHUX CHIT

P,P, |3,...,Pn, sAKa 3BefieHa 10 piBHOAiNHOI cunu R, mo mpuxnazena y touni C (puc. 1.57).
BubepeMo 1IpocTopoBy aekapToBy cuctemy koopaunar OXYZ Tak, mo6 6 oaHa 3 oceil (Hampukia,

Bich Z) Oyna mapanelibHa 3aJlaHuM CHJIaM. 3HAiIeMO MOMEHTH yCiX CHJI BIIHOCHO OCEl KOOpAHMHAT
X, yiz.

Puc. 1.57

[Mo3HAYMMO y TPHHHATIH CHCTEMi KOOPAMHAT KOOPAMHATH TOYOK MPUKIAJAHHS CHII
Ai(xliylizl)’ Az(xzayzfz)’ Ag(Xg,y3,23), Ah(xn’ynizn) i C(XC’ycsz) — TO4YKa

NpHKIIaIanHs piBHOAHOT R .
OO06unCcIUMO COYaTKy MOMEHTH BCiX CHJI BITHOCHO oci Y . OCKIJIBKH

n
R=>PR,
k=1
TO 3a TeopeMoro BapinboHa
n
m, (R)=>m, (R
k=1
a ToMy
n
R'XC :P]_'X1+P2'X2+P3'X3+...+Pn‘xn :Zpk 'Xk (1143)
k=1
3Binku koopauHaTa X- OyJe TOpiBHIOBATH
n
2P
k=1

R

AHaJOTrYHO BUBHAYMMO MOMEHTH YCIX CHJI BITHOCHO oci X . MaTumemo

Xe = (1.144)



n

—-R-ye=-R-y,-P,-y,-R-y,—..—P, -y, :Z(_Pk.yk)’ (1.145)

k=1
3BiIKM KoopauHata Y. Oyze NOpiBHIOBATH
n
Z P Yi
_ k=1
Yo = T (1.146)

Jlanmi moBepHEMO BCi CHJIM Ha OJWH 1 TOW e KyT B oAwH Oik (Hampwkmana, Ha KyT 90°
nepnenaukyssipro 10 mwiomuan Y O2Z). Tonoxenns toukn C, sk BioMo, mpy MOBOpOTI ycix cuiI Ha

OJIMH 1 TOW XK€ KyT, B OJIUH 1 TOW k€ OIK HE 3MIHIOETbCS. TakoX OOYMCIMMO MOMEHTH YCIX CHJI
BIJHOCHO ocl1 Y . MaTumeMo

n
R'ZC:P]_'Z]_+P2.ZZ+P3-23+"'+Pn.znZZPk.Zk’ (1'147)
k=1

3BiJIKM KOOpAMHATa Z~ Oyne I0piBHIOBATH

7o =kl (1.148)

Xc = k—1R ’
n
Z P Vi
S — 1.149
Yc R ( )
n
Z P Z
; k=l
¢ R

LenTp Baru tisia, 00'emy, miouti, Jinii

Ha noBinbHY 4acTUHKY Tia, sIKe po3MillleHe MOoOIM3Yy MOBEpPXHI 3eMili, Ji€ Cuila, 110 Mae
BEPTUKAIbHUM JIOHM3Y HaNpsMOK 1 siIka Ma€ Ha3By cuia Baru (abo mpocTo Baru). SKmio BBaxatu
paniyc 3emili TOCTaTHbO BeIUKHM (6,4 THC. KM), TO s TUI, PO3MIPH SIKUX Y HOpPIBHSHHI 3 LUM
paalycoM € MalMMM, CWIM Baiu (TSDKIHHA), WO JiI0Th Ha YaCTUHKM TiJla, MOXHa BBaXXaTu
napajieabHUMHU, BOHU 30€piratoTh CBOIO BIACHY BEJIMUMHY, HE3B)KAIOUM Ha Oy/1b-5Ki TOBOPOTH Tija.



O
— 7 >y
Q /
Y /XC
ZCI /
————— —
Yo
X
Puc. 1.58

Maemo Tislo, SIK€ YMOBHO MOKHA IMOJUIMTH Ha JeKiibka yactuH (puc. 1.58). KoxxHa yactuna
mae cuiy Bard G, 0,,0;,...0,. Sk Gauumo, 1e € cucTema mapaieibHuX cull, piBHOAIHY sxoi Q

MO>KHa 3HalTH. BukopucroByrouu (1.142), Bu3HayaeMo 110 piBHOIIAHY

Q=0 +0+qs+..+7q, =0y (1.150)

k=1
IIpn Gynb-skoMy MOBOPOTI Tina cua (), 3aTMIIAIOTHCA NPUKIAJEHUMH JI0 THX K€ CaMMX
TOYOK 1 3aJMIIAIOTHCSA MapajieIbHUMH MDK CO00I0. 3MIHIOETbCS JIMIIE HANPSAMOK IUX CHJ IIO
BiJIHOLIEHHIO 10 Tina. A ToMy piBHoxiliHa Q Gyae MpW IOBIIEHOMY IOBOPOTI TiNla TPUKIAAEHA Y

TOYIIl, SIKA € LIEHTPOM MapajenbHux cuil. Ll Touka Mae Ha3By LIeHTpa Baru Tija.

Takum 4UHOM, yewmp 6acu mina — ye Mouka, KA He3MIHHO NOG'A3aHA 3 YUM MINOM, 8 AKill
NPUKIAOeHa CUNA MANCTHHA MINA | AKA He 3MIHIOE C8020 NONOJHCEHHA NPU NOBOPOMI MiNa HA O0BLIbHULL
Kym.

Busnaunmo KOOpIMHATH IIEHTpa Baru sK IeHTpa napanensHux cun (;,(,,0s,...0, Ha
nifacTasi BupasiB (1.149), a came

n
ZQka

Xc = k—1Q ’
n
quyk

Ve = k=1Q , (1.151)
ZQka

o=k

Q

ne X, Yy 1 Zy - KoopAMHATU MPUKIIAJaHHs CUIIM TSKIHHSA 4acTHHM Tina () .
SIKI10 TiJ0 € OHOPIAHUM, TO Bara KO>KHOT YaCTUHU MPOMOpIIiitHa ii 00'eMy, a came

A =7V (1.152)



A€ ) - IATOMa Bara (Bara oJuHuLI 00'eMy); V| - 00'eM 4aCTHHHU TiJa.
Bara ycproro Tinia BU3Ha4a€eThCS 32 TaKOO (HOPMYIIOI0
Q=y-V, (1.153)
ne V - o6'eM Tina; ¥ - nutoma Bara Tina.
Tenep migcraBumo (1.152) 1 (1.153) y (1.151). Ilpudyomy nuroma Bara ), sIK 3arajJbHUMN
MHOXHHK, CKOPO4Y€EThCs. OTpUMaEMO:

n n
ZQka 27(kak)
_ k=1 _ k=1

Xc =

n
D Vi
_ _ k=1
Q y-V V
AHaJ'IOFi‘IHO IIOBOAUMOCH 1 HpI/I BI/I3HaLIeHHi JABOX iHH_II/IX KOOp,I[I/IHaT. OCTaTO‘IHO MaTuUMEMO
KOOpJMHATH LIEHTPA Baru 00'emy:
n
2 Vi
k=1

(1.154)

X. =kl
¢ V
n
Zkak
yC:—HV | (1.155)
n
ZVka
7o =%l
¢ V

Sk 6aunMo, IIEHTp Baru OJHOPIAHOTO Tija 3aJIeXKUTh TIILKH BiJl HOTO reoMeTpuyHoi hopmu. A
Tomy, Bupas (1.155) HocuTh Ha3BYy — LEHTp Baru 00'emy.

Z

Puc. 1.59

Tenep, SIKIO pO3TASAATH TiJO, AKE € TUIACTHHOO (puc. 1.59), ToBmIMHA SKOT h BimHocHO Maa,
TO KOOpAMHAaTa Z~ UEHTpa ii Baru Oyzme nopiBHIOBatM Zo = —. JNd BM3HA4YE€HHsA JBOX IHIIMX

KoopauHaTr X, Yo BHKopucTaemo Bupasu (1.151). Ilnmactuny TpeGa yaBUTH y BUIIISAMAI JEKITBKOX

YacTWH, SKi MalOTh BiIacHy Bary. Jlami BBakaeMo, IO Bara KOXKHOI YacTKHU IUTaCTUHU Oye
JIOPIBHIOBATH

Q=7 Vi =y-h-s, (1.156)



ne ¥ - nuromMa Bara (Bara omuHMIi o0'emy); N - ToBmMHA TIacTHHW;

Sy - TJIOLIA YAaCTHHH IIACTHHH.
Bara Bciei mactunu Oyjie JOpiBHIOBATH
Q=y-V=y-h-S, (1.157)
J€ S - mIoma rIacTHHH.
Tenep miacraBumo (1.156) 1 (1.157) y nepuni nBa Bupasu (1.151). 3pobumo 11e crioyarky s
KOOpIAUHATH X , OTPUMAEMO

ZQka Z?’h(skxk) Zskxk
XC — k=1 — k=1 — k=1 . (1158)
Q /h-S S

TakuM ke 4yMHOM OOYMCIMMO 3HA4eHHS 1 Apyroi koopauHaTH Y. OCTaToO4HO MaTHMEMO

KOOpJAWHATHU LICHTPA Baru TOHKOI TUIACTUHU

n
DS
k=1

X~ = ,
¢ S
(1.159)
n
ZSkYk
_ k=1
Yc —S :

Touka, KoopAMHATH SKOi BU3Ha4Yat0ThCs opmynamu (1.159), mae Ha3By LeHTpa Bary IIIOMII.

Ternep BU3HAUMMO KOOpIWHATH LIEHTpa Baru JiHii. Lle Moxke OyTH, HampuKiIamg, APIT MAJIOTO
JiaMeTpa i MOCTIHHOTrO TornepeyHoro nepepizy (puc. 1.60).

Sk 1 B momepeaHixX BUIAJAKAX, CIIOYAaTKy BU3HAYMMO Bary KOKHOI YaCTHWHH JiHil i Bary Bci€i
niunii. Bara yactunu mninii Oyae JopiBHIOBaTH

ne ¥ - nuToMa Bara (Bara OfMHHMIN 00'eMy); S - IUIOmIA MOMEPEYHOrO MEpepisy JiHii; |k -
JIOB)XMHA YaCTUHHU JIiHII.

} % S

Xy Y

Puc. 1.60

Bara Bciei niHii Oyme mopiBHIOBaTH



Q=y-V=y-S-L, (1.161)

ne L - 3arampHa mOBXKWHA JTiHII.

Tenep mincrtaBumo 3HaveHHs (1.160) 1 (1.161) y (1.151) 1 BU3HAYMMO CHIOYaTKy KOOpPAMHATY
Xc - Bona Gyne nopisHioBaTH
n n n
D OX ZVS(lka) AR
Xo = — =X =kl (1.162)

Q yS-L L

TaxkuMm e YMHOM BH3HAYAEMO JIBI 1HIII KOOPAWHATH LIEHTpa Baru JiHii. OTke

n
Zlkxk
k=1

X. = K= ,
c L
n
Zlkyk
=kt 1.163
Yc L ( )
n
Zlkzk
zC:—k=1L .

Ax 6aunmo 3 Bupasy (1.163), koopauHATH LIEHTpa Bard JiHIi 3aJeKaTh JIMIIE Bl JOBXKUHU
KOYKHOI YaCTHHM JIiHII Ta 3arajibHOI JTOBKUHU.

Buznavenns KOOpAMHAT LeHTpa Baru TiJa, 00'emy, 101, JiHii
B iHTerpaJbHiii popmi

Jloci BHU3HAYanucsi KOOPAMHATU LIEHTpA Bard OJHOPIAHMX TUI, B SIKMX IHUTOMa Bara ) €
BEJIMYMHOIO crajiol (¥ =CONSt). Temep BH3HAYMMO KOOPAMHATH IIEHTPAa Bark HEOJHOPIAHOTO

TBEPJIOTO Tina.

e
P

Puc. 1.61

VYsaBuMo HEOTHOPIAHE Ti0 10BUTEHOI popmu (puc. 1.61). Po3ib'emo ioro Ha N eneMeHTapHUX
eNleMEHTIB 1 BUALIMMO 3 HUX onuH K —if enement. ITosnaummo ioro Bary uepes AT, X, Yy 1 Zj -
KoopMHaTH 1ieHTpa Baru K —toro enemenra. ITincraBumo y GopMysiu KOOPJAMHAT LIEHTpa Bark Tina
(1.151) 3navyenus Baru exementy AQ, , oTpumMaemo



n
ZAQk " X

Xo = k=1 5 ,
n
ZAQk Y
Yo = “T (1.164)
quk "Ly
k=1

ZC = T
Touxka npukinanenns cumn A Q, posramoBaHa BcepeauHi exeMeHTy. [l TOYHOTO BU3HAUCHHS

TOYOK MPHUKIAJAHHS IUX CWJI HEOoOXiaHO, mo00 00'eM KOXKHOTO eleMeHTa N mpsMyBaB J0 HYJS, a
YHCIIO €JIEMEHTIB HEOOMEXEHO 3pocTanio, TO0To N —>00. A TomMy HEOOXimHO, OO CyMH BUpPa3y
(1.164) posrasganuch sk TpaHuIli. A came

im 35,00
Q
lim Zyk - AQ,

Yo = ke lQ , (1.165)

lim sz AQ,

n—>ook -1

Q

Xc =

e =

ne Q - Bara Bchoro Tina.

Sk BimoMo, rpaHHUlll CyM, 11O € B yucelbHUKaX BUpasy (1.165), He 3anexaTs Bi BUOOPY TOUOK
npuknananas cun A Q] 1 € iHTerpamam, siki MOXYTb OyTH HOIIMpPEH] [0 BCbOMY 00'eMy Tina, T0OTO

lim Zxk Aq, = jxdq

lim Zyk -Ag, = [ydg, (1.166)
n—>ook:1

V)
lim sz A, = Iqu

n—)OOk -1 (

Temnep, sixuio minctaButw Bupasu (1.166) y (1.165), octaTouHo 0TprMaeMo KOOPIUHATH LIEHTPa
Barv HEOJAHOPIAHOIO Tija B IHTErpabHii Gopmi

xdqg
&:wb |
[ydq
Ve :_(V)Q , (1.167)
Jzdq
z. =W

Q



AHaJIOTIYHO MOXHA BU3HAYUTU KOOPAWHATH LIEHTpPA Baru o0'eMy Tiia B iHTErpaibHii (opmi.
SIKIIo BBaXkaTH, mio

dg=y-dv, (1.168)
ne dV - enement 06'emy Tina,
a

Q=y-V, (1.169)

ne V - o6'em Tina,
To, migctaisaoun (1.168) 1 (1.169) y (1.167) 1 ckopodyrouu Ha ¥ , OTPUMAEMO

deV
xo = )v |
[yav
_v 1.170
Ye v ( )

3 dopmyn (1.170) BunuBae, 10 MOJOKEHHS I[IEHTPa Bard OAHOPIAHOTO Tijia HE 3aJIEKUTh Bij
(bI3MYHUX BIIACTUBOCTEH HOro Marepiairy, a 3ajeKHUTh JIMIIE BiJ] T’eOMETPUIHOT ()OPMH 1 PO3MIpIB Tija.
B inTerpanpHili ¢GopmMi MOXHA BU3HAYUTH KOOPAMHATH LIEHTpa Barv IUIOMI. 3HalIeMo
TIOJIO’KEHHs LIEHTPa Bark OJHOPIIHOI MIACTHHH, iKa Mae cramy ToBmmEy N (puc. 1.62). Koopaunara

Z- ueHtpa Baru Oyze JOpiBHIOBaTH Z~ = —. Bu3HauMMo iHmI JBi KoOopauHAaTH. TakoX BUIIIMMO y

mnactuni enement ob'emy OV y dopmi emementaproi mpmsmum 3 ocroBoro OS, Bucororo h i
pebpamu, IO TepHeHAUKY/IAPHi IIOmMMUHI cuMmeTpii maacTuHku. Enementapumii o6'em dV  Gyme
JIOPIBHIOBATH

dv =h-dS, (1.171)
a IOBHUM 00'eM TU1acTUHU Oyzie JOPIBHIOBATH
V=h-S, (1.172)

e S - miora miacTUHM.

Z

Puc. 1.62

[TincraBumo (1.171) 1 (1.172) y nepuri a8a piBHsSHHS Bupasy (1.170), onepxumo



_ ()
Xc = ;
s
(1.173)
Jde
yc:(s)s ’

®opmyinu (1.173) € popmymnamu, 110 BU3HAYAIOTh KOOPAWHATH LIEHTPA Bary IJIOMI].
Y dopmynax (1.173) B yucenbHUKAX CTOSATh BUPA3H CTATHYHUX MOMEHTIB IUIOINII BIJTHOCHO
xoopaunaraux oceir QY i OX, a came

S, = [xds,
)

S, = [yds. (1.174)
(S)

TakuM ke YTHOM BU3HAYMMO KOOPJIMHATH IICHTPA Bary JIiHiI B iHTerpanbHii dhopmi. i 150ro
Bi3bMEMO OJHOpIZHE TiLNO, Hampukiaan, y suriasg apory AB 3 cranor momero nomepednoro
nepepizy S i nomxuuoo L (puc. 1.63). Buminumo y apori enement 0l meBnOro o6'emy. Sxmo
enemMeHT Mae (opMy LuIiHApa 3 ocHoBoro S Ta Bucortoro dl, To ememenrapmmit 06'em Oyme
JOPiBHIOBATH

dv =S-dl. (1.175)

Z ' L

Puc. 1.63

[ToBHuit 06'eM Tina, 110 PO3TIIAAAETHCS, Oy/Ie TOPIBHIOBATH
V=S-L. (1.176)
Tenep, migcraBusmm (1.175) 1 (1.176) y (1.170), BU3HAUMMO KOOpIUHATH IIEHTPA Bard JAHOTO
Tija

[xdi

[yd

=) 1.177
Ye L ( )




[zdi
, W
c =
L
IaTerpanu, mo MiCcTATBCS y uuceabHUKaxX Bupazy (1.177), MarTh Ha3By KPHBOJIHIMHUX
iHTerpaiB. Sk 6a4rMO, TTOJIOKEHHS [IEHTPA Baru OJHOPIIHOTO TiIA Y BUTJISAIL IPOTY HE 3aJICKHUTH BiJ
Horo monepevyHux po3mipiB. A Tomy dopmynu (1.177) BU3Ha4arOTh KOOPIUHATH IIEHTPA Bary JIiHii.
3anuTaHHs 11 CAMOKOHTPOJIIO:

36.  Ilo Ha3uBaIOTh LIEHTPOM MapayieIbHUX CUI?

37.  3asxkumu GpopMyIaMu BU3HAYAIOTHCS KOOPAUHATH IIEHTPA NapaleIbHUX CUi?

38.  3a skumu dopmyaaMu BH3HAYAIOTHCS MOJOKEHHs IICHTpa Bard Tija, o0'emMy, ILIOINI],
TiHIT?

39. [Ilo Take eHTp Baru Tina?

40. Sk 3amucat (GOpMyNIM KOOpJIMHAT IEHTpa Baru Tina, o0'eMy, mJjomii, JiHIT B

iHTerpanbHii Gpopmi?

Jlekuis 6.

Tema: CrilikicTb piBHOBaru

Cnoco0u BU3HAYEHHS] KOOPAHHAT I[€HTPA Baru Tijia

Icnye pexinbpka crnocoOiB BU3HAUEHHS KOOpAMHAT IeHTpa Baru Tul. Cepel HUX PO3PI3HAIOTH:
METOJT CUMETPIii, METOJ] pO30UTTS 1 JOTIOBHEHHS, CKCIICPUMEHTAIbHI CITOCOOH.

Po3srigHeMoO mOCiIOBHO 111 CHOCOOM.

Metoa cumerpii. SIkio ofHOpiHE TIIO Mae IUIOLIMHY, BiCh, a00 LEHTP CHUMETpii, TO Horo
LEHTP Bary JISKUTH BIATIOBIAHO Y IUIOUIMHI CUMETPii, a00 Ha oci cuMmeTpii, abo B IEHTPi CUMETIi.

TakuM YMHOM, LIEHTP Baru OJHOPIAHUX CHUMETPHUYHUX TUI, TAKUX SIK KUIBLA, MPSAMOKYTHI
IUTACTUHM, TPSAMOKYTHI mapajenemineay, KyJdi Ta iHIII Tijla, $SKi MalOTh LEHTP CHMETPIi,
PO3TAIlIOBAaHUH Yy T€OMETPUYHHUX HEHTpax (LEHTPU CUMETPii) UX Tij.

Meton po30uTTA. SIKIIO TijIO MOYXKHA PO3OUTH HAa CKIHYEHHE YHUCIIO TAKUX YAaCTHH, JJIs1 KOXKHOT
3 SIKAX TIOJIOKEHHS IIEHTpa BarW HEBAXKKO BH3HAYAETHCS, TO KOOPAWHATH IIEHTPa Baru yChOro Tijia
MOKHa BH3HauMTH Oe3mocepenubo 3a (opmymamu (1.151), (1.155), (1.159) i (1.163). Ilpuuomy
KUIBKICTh JIOJAHKIB y YMCEIbHUKY KOKHOTO 3 YKa3aHMUX BUpa3iB OyJie JOPIBHIOBATH KiIbKOCTI YaCTHH,
Ha sIke po30UBaETHCA TLIO.

Haenemo mpukiiaj BU3Hau€HHs LIEHTpa Barv Ti1a METOJAOM pPO30UTTS HOro Ha OKpemi Tijia,
IIEHTPU Baru sIKUX BiOMi.

Ilpuknao 1. Bu3HaunTH KOOPAMHATH LIEHTpA Baru 0JJHOPiAHOI miacTuHu. Po3Mipu B MM 3aaHi
Ha puc. 1.64
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Puc. 1.64
Po3ze'sizanns.

ITokaxemo oci koopauHat X i Y. Po30uBaeMo IacTHHY Ha YacTUHH, SIKI YTBOPEHI TpbOMa
NPAMOKYTHHKaMH. JIJ1sl KO)KHOTO IIPAMOKYTHHKA IIPOBOJMMO JliaroHaii, TOUKM IepeTuHy skux C;,C, i
C; BIANOBINAKOTH LIEHTPAM Bark KOXKHOTO NPAMOKYTHHKA. Y NMPUMHATIA CUCTEM] KOOPAMHAT HEBAXKKO

OTpYMATH 3HAYE€HHS KOOPAMHAT LUX TOYOK. A came: Cl(—l,l), Cz(l, 5), C3(5,9). ITnomi
KOXKHOTO  Tila  BIAMOBIAHO  JIOPIBHIOIOTH: [  — S, =4CM2; I - S, =20CM2;

2 . . 2
I - S; =12CMm* . Ilowua Beiel miacTuHu fopiBHIOE: S =S, +S, +S; =36Cu".
Jns BU3HAYEHHS KOOpPAMHAT IEHTpa Baru 3aJaHoi IUIACTMHM BUKopucTaeMo Bupas (1.159).
[TizmcTaBMO 3HAYEHHS BCiX BIJOMHUX BEJIMYWH y JaH1 PiBHSIHHS, OTPUMAEMO

n
Zskxk
c" s S

n
Zsk Y
Yo = k=1S _Sht styz +S3Y5 _ 5.9 can.

3a 06UKMCIEHMMH 3HAYEHHAMH KOOPAMHAT IIEHTPA Bard IIACTUHU MOKHA 1103Ha4uTH Touky C
Ha PUCYHKY. SIk 6aunMo, IIEHTp Bark (reOMEeTpHYHa TOYKA) IUIACTUHU PO3TALIOBaHUi 3a il MexaMu.

JonoBHeHHs. CriociO, MPO KU WIEThCS Aalli, € YACTHHHUMH BHITAJIKOM CIIOCOOY pO30OHTTS.
Bin Moe 3acTOCOBYBaTHUCH A0 TiJ, SIKI MalOTh BUPIi3H, IOPOKHUHH, IPUIOMY 0€3 BpaxyBaHHs BUPI3Y,
ab0o BHpI3aHOI YACTWHU Tija TOJOXKEHHS IIEHTpa Bard TiTa Bigomo. PosrisHeMO mpuUKIan
3aCTOCYBAaHHS TAKOTO METOY.

=21lcm,

Hpuknao 2. Bu3HauuTy MOJOXKEHHS LEHTPA Bark KPyrioi IiacTuHu pagiycom R, ska mae
KpyroBui Bupi3 pagiyca I' (puc. 1.65). Bixcrans C,C, = Q.

v s

yJ

Puc. 1.65
Po3ze'sizanns.



Sk GaunMo 3 pUCYHKA, IIEHTP Bard IJIACTUHU MICTUTBCS HAa OCi CUMETpIiil TiacTuHu X, TOOTO
Ha IPAMIH, SKa OPOXOJUTh Kpi3h TOUKM C; 1 C,. Taxum 4mHOM, [ BU3HAYEHHS IIOJIOKEHHS LIEHTPa

Bark Mi€i IJIaCTUHM HEOOXITHO OOYMCIMTH TUIBKM OJHY KOOpAMHATY Xs , OCKUIBKHM Jpyra

KoopauHaTta Y. JopiBHioe Hymo. Ilokaxemo oci koopaunar X,Y . Ilpuiimemo, mo miactuHa
CKJIaJa€ThCs 3 JIBOX TUT — 3 MOBHOrO Kpyra (HiOuTo 6e3 BHpi3y) i Tina, siIke YTBOPEHO BHUpi3oM. Y
NPUHAHATIH CHCTEM] KOOpAMHATH X /IS BKa3aHUX Til OyayTh JNOPIBHIOBATH: X; = 0; X, =CC, =a.

. . 2 2 . .
[Tnomyi Tia JOPIBHIOKOTL: S; = 7T R*; S, =—x I'". 3aranpHa mIoma BCbOro Tia OyJe JAOpiBHIOBATH

. NV . . . 2 2
(bismunill pisHMLI MDX IUIOmWAMY Iepioro i apyroro Tiin, a came S =S —S, =7Z'(R —-r ) Jnst
BHU3HAYCHHS HEBIJOMOI KOOPAWHATH IIEHTPA Bard 3aJaHOi MJIACTUHUA BUKOPHCTAEMO TEPIINE PiBHSIHHS
Bupazy (1.159). IlincTaBuMO 3HaYCHHSI BCiX BIJOMHUX BEJIMYUH Y 11€ PIBHAHHS, OTPUMAEMO

n
Zskxk 2
S S

2

Xo =
7| R%=r? R2-r?

TakyuM 4mMHOM, 3HA4YEHHS KOOPJIMHATH Xs BiJ'€MHE, a TOMY, OCKUIBKH JIpyra KOOpAMHATa

Yc =0, 1o uentp Baru miacrunn C poswmimtennii Ha oci X 31iBa Bix Touku C; .

ExcnepumenTtaibHi cnocodu. L{i cmocoOu 3HAWIUN MIUPOKE 3aCTOCYBAHHS MPH BiIIyKaHHI
MOJIOKEHHS IIEHTpa Baru TuUT CKIagHuX ¢GopM 1 KOH(Irypauiid, s SKUX IHIOI CHOCOOHM Mailxke
HENpPHUJIATHI BHACHIJOK TPOMI3AKOCTI Ta CKiagHOoCTi. Jlo TakuxX Tim ciij BIAHECTH KOMOAWHH,
TPaKTOpH, CKJIaAHI  CUILCHKOTOCHOJApChKi  MamuHA Ta 3Hapsand. Ilpu  3actocyBanHi
EKCIIEpUMEHTAIBHAX ~ CIOCO0OIB  BIJIIYKaHHS TOJIOKEHHS IEHTpa Barm HAWOLIBII  IIMPOKO
BUKOPUCTOBYIOTh METO]] MiABIIIYBAaHHS Ta METOJI 3Ba>KyBaHHS TiJI.

[Tpu 3acTrocyBaHHI METOMy MiABINIYBaHHS TiJIO HA TPOCI MiIBINIYIOTH 3a Pi3HI HOTO TOYKH.
Hanpsimok Tpoca, Oyne 1aBaTH KOXHOTO pa3y HAlpsIMOK CHJIM Bard Tuta. Toxal Touka MepeTHHy LHX
HaMpPSIMKIB 1 J]a€ MOJIOKEHHS [IEHTpa Baru Tija.

BukopucTaHHs Ipyroro MeTony — 3Ba)KyBaHHS BUMAara€ BHMIpPIOBAaHHS Bard yChOro Tijia, a
TaKOK OKpEMHX Horo yacTuH. Po3risiHeMo MpHKIIa 3aCTOCYBaHHS LIbOTO METOAY.

Ilpuknao 3. BusHauuMO KOOpJMHATHU ILIEHTpa Baru TPAKTOpPa, y SKOrO IOB3JIOBXKHS Oa3a
cranosuth | (puc. 1.66).

Puc. 1.66



Po3se'azanns.

CriouaTKy TMOCTaBMMO Ha miatdopMy TepesiB 3aiHi Kojieca TPaKTOpa, K Ie MOKa3aHo Ha

pucyHKy. OTxe, BU3Ha4aEMO CHILy THCKY 3a[HiX Kouic Ha mathopmy, abo peakiito R, . Ananoridao

BU3HAYAEMO Bary MEpEJHbOro Mocty, abo peakuiro Rg. LlIKOM 04YeBHAHO, IO CyMa LUX peakiiil
JOPIBHIOE 3arajbHii Ba3i TPaKTOpa, a came
Q=R,+Rs.

Tenep cknanemo anrebpaiudy CyMy MOMEHTIB ycix cuil BigHocHo Touku A . Bona 1opiBHIOE
n
Y ma(P)=0; —Ry-1+Q-x.=0.
k=1
3BiIKM BU3HAYAEMO TI03/I0BXKHIO KOOPAMHATY IIEHTPA Baru:
— RBI

Xc

LenTpn Baru aesikux OHOPIIHUX TiJ
Po3rnsHemMo BU3Hau€HHs! LEHTPIB Baru ACAKUX OJHOPIIHUX TLII.

1. LlenTp Baru Ayru KoJia.

Posrnsuemo ayry AB kona pamiycom R, y skoi nenrpansuuii xyr  OAB nopiaioe 2
(panian) (puc. 1.67). Ilokaxkemo oci koopaunar X,Y, modarok skux posmictumo y toumi O .
Buacnifok Toro, 1mo ayra Mae BiCh CUMETPil OX, To uenrp ii Barn Oyze po3TalloBaHM came Ha IIiif
oci (Yo =0). Banumaerses Tinbku oGunCIATH KOOPAUHATY X .

Y4

Y

Puc. 1.67

Bukopucraemo 115t 00UMCIeHHs i€l KOOPUHATH Tepile piBHAHHS BUpasy (1.177), a came

[xdi

Busnaunmo enemMeHTH, siki HEOOX1AHO MiJCTABUTH Y 11€ PiBHAHHA. I IIbOTO BUALIMMO HA Y31
AB enementr M M, nosxunoro dl, sxa nopisroe

dl=R-dg. (1.178)



Skmo @ — Kkyr, skuii BusHayae nonoxenus exemenra M M, na nysi AB, To koopannara X

enemenra M M, Gyne nopisrroBatu

X =RCOS 0. (1.179)
Baranbua noxkuna qyru AB nopisnioe
L=2a-R. (1.180)

[TimctaBuMo 11 3Ha4eHHs y mepimie piBHAHHA Bupasy (1.177). Ilpu npoMy BBakKaeThCs, IO
1HTerpaja y YUCEeIbHUKY JAHOTO BUpa3y NOBUHEH OyTH BU3HAUYEHUM I10 BCii JOBXKHHI Iyru. MatumemMo

1B RZ a R o
Xc :ijdl = ICOS(p-d(sz [cospde =
A o b

R . |« R |. : Rsina
=—sing| =——ssina—|sin (~a)|t=—-—.
20 o 200 a
Taxum unHOM, KOOpAMHATa X: Oyze DOPiBHIOBATH
Rsina
Xe=—. (1.181)
o

2. lleHTp Barv TpPUKYTHHUKA.
Maemo [OBiNbHMIT TPUKYTHHMK, BEPIIMHH SIKOTO y TpUHHATIH cuctemi koopaunar XOY

Bi/INOBIAI0TH TOYKAM 3 KOOPIMHATAMHU A&(Xl, yl), AQ(XZ’ y2) i Ag(X3, y3) (puc. 1.68). Skuio
IpoBeCTH MpsiMi, sIKi OyayTs mapanensHi ocHoi Ay A; i mpoBecTH iX JOCTAaTHIO KiNBKICTB, TO BCS

IUIOIIA TPUKYTHHUKA OyJe CKIaJaTHCs 13 CMYT HECKIHYEHHO Majloi IIMPUHU, LIEHTPU Bar sSIKUX OyayTh
PO3MIIIEH] TocepeinHI KOXKHOI CMYTH, a TOMY 1 IEHTp Baru TPUKYTHHKA Oy/ie pO3TallOBaHUK Ha HOTO
MefiaHi. A SKIIO MPOBECTH JiHil, K1 MapaienbHi IHIINI CTOPOHI TPUKYTHUKA, TO 1 B I[bOMY BHUIAJIKY
HEeHTp Baru Oyae po3MilleHWH Ha HOro BiAMOBiAHIA MediaHi. TakuM YMHOM, LIJIKOM OYEBHIHO, IO
uenTp Baru TpukyTtHuka C Oyjie po3TamoBanuii y TOUI TIEpETUHY HOTro MetiaH.

Busnaunmo koopauHaTtu 1i€i TOuku. [3 Kypcy aHamiTHUHOI reomeTpii BiJOMO, IO TOYKa
NEePEeTUHY MeJiaH TPUKYTHUKA Y IPUHHATIH CUCTEMI KOOPIAMHAT BU3HAYA€THCS TAKUMH 3AJIEKHOCTSIMU

1
Xe = §(X1 + X, + X3),
(1.182)

1
Yo = §(y1 + Y, +Ys3),

e X, X5 ..., Y3 - KOOpAWHATH BEPIIMH TPUKYTHHKA.
KopucHo Takox 3HaTH, 1110

CA =2AB; CB =1AB;
3 3
2 1
CA,=_AB,; CB,=_A,B,;
3 3
2 1

CA =2 AByi CBy= AB;



Az (X3¥s)

As Az (X3Ys)

e
Y
>

Puc. 1.68

3. LleHTp Baru cekropa.

Posrnsuemo xonosuii cektop OAB paniyca R, uentpanemuii xyr sxoro mopiBHioe 2¢
(panian) (puc. 1.69). LleHTp Baru cexTopa, IiJIKOM OYEBHIHO, JISKHUTh HA OCI HOro cuMeTpii, ToOTO Ha
oicextpuci kyra AOB. 1o Gicektpucy mpuiiMeMo 3a Bick X i 3HalizeMo Ha Wil oci HOJIOKEHHS
nentpa C. Po3i6'eMo miomy cekTopa Ha HECKIHUEHHO BEJIMKE YUCIO €IEMEHTAPHUX CEKTOPIB 3
HEeHTpaIbHUME KyTamu A@ .

ByneMo po3riisiiaTi KOXKHHUN CEKTOP SK TPUKYTHHK 3 ocHOBOKO R-A@ i Bucororo R. Ilentp
Barv KOXKHOTO TPUKYTHUKA PO3TALIOBAHMM Ha BijacTaHi I = 5 R Bin uentpa cexropa. Takum 4uHOM,

. . . . ! !
IIEHTPY Baru BCiX TPUKyTHHKIB po3ramosani Ha ny3i A'B’. Omxke, skmo A@ — 0, To uentpu Barun

o’ . . v o’
yreopats ayry A'B’, toni neoOxinHo 3maiitn nenrp Baru gyru A'B’. Buxopucraemo dopmyny, 3a
SIKOIO BU3HAYAETHCS LEHTP Baru Iyru Kosa pajaiycom I :

Y

Y

Puc. 1.69
r-sina
Xc =
o
Toni BpaxoBy0UH, 1110
2
r=—R,



MaTUMEMO

3anuTaHHs 11 CAMOKOHTPOJIIO:
41. ki icCHYIOTh CIOCOOM BU3HAYCHHS KOOPIWHAT IIEHTPA Baru Tijia?
42.
43.

44,

_gRsina
3 a

Sk BU3HAYUTH KOOPJIMHATHU LIEHTpa Baru Jyru kosua?
SIK BU3HAYUTH KOOPAWHATH LIEHTPA Baru TPUKYTHUKA?

Sk

BU3HAYUTHU

KOOpJMHATH

LIEHTpa

Baru

(1.183)

cekropa?



Jlexuis 7.
Tema: OcHOBHI MOHATTA KiHEMATHKHU

KinemaTtuka BHBUYa€e pyx MarepiaibHUX O0’€KTIB SIK MOJENEW peajbHHX Tl (TOYKa, TBEpIe
TLJI0, CYLITBHE CEPEIOBUIIE) 3 TEOMETPUYHOT TOUKH 30y, SIK TE€OMETPUUHUX 00pa3iB, 0€3 BUKIAACHHS
NPUYMH, SKI BUKIMKAIOTh 1ei pyx. Takwii migxin He morpeOye BpaxyBaHHS IHEPIIHHHUX CHIIOBHX
XapaKTEPUCTUK: MAac 1 MOMEHTIB 1HEPIIii, CHJI 1 iX MOMEHTIB.

Pyx € ¢popmoro icHyBaHHS MaTepiajJbHOTO CBITY, @ MEXaHIYHUH pyX, HalinpocTima Gopma pyxy
Marepii, — OJIMH 13 HACIIIKIB B3aeMOoAil MarepiaabHuX T, [1li1 HUM pO3yMitOTh 3MIHY TOJIOKEHHS T
y IPOCTOPI MPOTATOM Yacy IO BiAHOIIEHHIO /10 1HIIOTO TiJia, 3 SIKUM ITOB’3aHa CHCTEMa BiJUTIKY.

[Ipoctip, B sKOMy BiIOYyBa€TbCA PyX T'€OMETPUYHUX aOCTpakuid y ¢Gopmi mneperidyeHux
MaTepialibHUX 00’ €KTiB, BBAXKAETHCS a0COIIOTHUM, METPUYHI OCOOIMBOCTI SKOTO HE3AJIEXKHI BiJ pyXy
B HbOMY Marepii y pi3HHUX TOYKax 1 HampsAMKax (OJHOPIIHICTH 1 130TPOIHICTh NMPOCTOPY). Takuit
OpOCTIp CHpUAMAETBCS SIK TPUBHUMIPHHH, TaK IO KOXHIM Touli abCOMOTHOTO MPOCTOPY
BIJIIOBIJaI0Th, HAIIPUKJIAJ, Y AEKAPTOBIN cucTeMi, TpH KOOpAUHATH. OJUHULIEI0 BUMIPY NPOCTOPY Y
Mixnapoaniii cucremi oguauib Cl € metp.

BrnacTtuBicTh aOCONIIOTHOTO Yacy — OJAHOPIAHICT 1 YHIBEPCATbHICTh, BiH OJJHAKOBO CILTUBAE Y
BCIX TOYKaxX IMPOCTOPY, Ha BCiX Tu1aXx. ToMy MOXHa JOBITbHO BHOMpATH MOYATOK BITIKY Yacy Ta
BHUMIPIOBATH IHTEPBAIU MK OKPEMUMH MPOMIKKaMH 200 MOMEHTaMH 4acy.

3a aOCOJIOTHUM MPOCTOPOM Ta YacOM BBOJIUTHCS TMOHATTS CHUCTEMH BimiKy. Lle cykymHICTH
CHCTEMH KOOpAMHAT, HE3MIHHO IOB’S3aHOI 3 JESIKUM TUIOM BIJUIIKY, Ta IPUCTPOEM 3 MEPIOJUUHUM
MIPOIIECOM IS BUMIPIOBaHHS Yacy (TOANHHUK).

Y MHOXHHI CHUCTEM BIJUIIKY, B SIKHX MOXKHa TOCTYJIOBATH MPOCTIp Ta 4Yac sIK aOCOIIOTHI,
BUOMPAIOTHCS TaK 3BaHi 1HEpIiaJIbHI CHCTEMH BIIIIKY, B SKHX 130JIbOBaHa MaTepialbHa TOYKA MOXKE
HeoOMEeXEeHO JIOBro rnepedyBaTH y CTaHl CIIOKOI a00 pIBHOMIPHOTO Ta MPSAMOJIIHIMHOTO PyXYy Hij €0
CHCTEMH 3PiBHOBAKEHUX CHII.

Sxmo neska cucreMa BUUIIKY MPaBUTh 3a 1HEPLIalbHY 13 3aJlaHUM CTYIEHEM TOYHOCTi, TO
MOKHA BKa3aTH HECKIHUYEHHY KUIBKICTh IHEpPUIAIbHUX CHUCTEM BIIIIKY, SKi PyXalOThCS BiIHOCHO
BUOpaHOi MOCTYMANbHO, PIBHOMIPHO Ta NPSAMOJIIHIIHO.

IIpu po3B’s3aHHI 3a7ady HEOECHOT MeXaHIKM, OOYHMCIIEHHI TpPAa€KTOPIM CYMYTHUKIB,
MPURMAETHCS TeNlIOLEHTPUYHA CUCTEMA BIJUTIKY 3 IOYaTKOM Yy 1eHTpi Mac COHSYHOI CUCTEMH 1 OCAMU
KOOpJMHAT, CIIPSIMOBAHUMU Ha HEPYXOMI 31pKH.

[Tpu po3B's3aHHI O0araTboX TEXHIYHMX 33734 3a IHEpLiaIbHy NPUHMAaIOTh CUCTEMY BIJUTIKY, sSKa
OB’ s13aHa 3 IEHTPOM 3eMiTi (TeOIeHTPUYHA CUCTEMa BIIJTIKY).

Pyx reomerpuuHoi MOzemi BIJTHOCHO BUOPaHOI CUCTEMM BIAJIKY BBa)KAETHCS BIJIOMHM, SKILIO
MOHa BU3HAYUTH i1 MOJTOKEHHS BITHOCHO ITI€1 CUCTEMU Y Oy/Ib-SIKMI MOMEHT 4acy.

[TonoskeHHs Monedi BIAHOCHO JaHOi CHCTEeMHM BIAJIKY BH3HAYAETHCSA BiAMOBIIHUMHU
napaMmeTrpamu, a ii pyx — KIHEMaTMUYHUMH DPIBHSHHSAMH, 110 BHUPAXAKOTh 3MIHY LIMX HapameTpiB K
¢byHKLIH Yacy.

Ocnoena 3a0aua KineMamuKky TOJISATa€e B TOMY, 1100 3a BITOMUMH KIHEMaTHUHUMU P1BHAHHAMU
PYXY BU3HAUUTH KIHEMAaTH4HI XapaKTEPUCTUKU LIbOTO PYXY: TPAEKTOPIi TOUOK, iXHi JiHIHHI IIBUIKOCTI
Ta IPUCKOPEHHS; KyTOBI MIBUAKOCTI Ta IPUCKOPEHHS Tija.

OCKUTbKH KOKHE TIJIO CKJIAJA€ThCS 3 MaTepialibHUX TOYOK, TO MPUPOIHO IMOYATH KIHEMATUKY 3
BUBYCHHS PyXY MaTepiaTbHOI TOUKH.

KinemaTuka MmatepiajibHOI TOYKH

Jns toro, mo0 BUBYATH pyX MarepiajibHOT TOYKH, HEOOX1THO BHOpaTH crocid Horo 3ajgaHHS.
IcHye nexinbka crnoco0iB 3aJaHHS PYXY MaTepiaabHOI TOUKH.

KinematnyHo 3agati pyx a0o 3aKOH pyxy TOUKHM O3Hadya€ BKa3aTH Takuil cmociO, sikuil gae
MOJKITUBICTh BU3SHAYUTH MOJIOKEHHS i€ TOUKH BIIHOCHO JAHOI CUCTEMH BIIIKY y OyIb-SKUi MOMEHT
qacy.

Cnoco0u 3a1aHHsl pyXy MaTepiajibHOI TOYKH

Jns 3amaHHA pyXy MarepiaibHOI TOYKM MOXKHA 3acTOCYBaTH OJWH 3 TPbOX HACTYITHHUX
CroCo0iB:

1.  Bextopnuii;

2. Koopnunatawi;



3.  HarypanbHhuii.

Po3srisgHeMo mociIiTOBHO BKa3aHl CIIOCOOM.

BexTopHuii criocié 3agaHHs pyXy MaTepiajbHOI TOYKH

Ile#i cmoci® 3HAWIIOB IIMPOKE 3aCTOCYBAaHHSA Y TEOPETHYHHX poO3paxyHKax. PosrisHemo
CYTHICTB IIbOTO cHIOCO0Y.

[TpumyctuMo, 110 J0BiIbHA TOYKa M pyXxaeThCs y MPOCTOPI MO Aeskii Tpaekropii (puc. 2.1).
BiszbMeMo y mpocTopi NpsMOKYTHY AE€KapToBY cucteMy koopauHaT XOYZ 3 OIMHUYHUMH BEKTOpPAMHU

(opramu) 1, J,K . 3 mouarky cuctemu koopauHat Touku O MpoBeaeMo 10 Touku M pajiyc-Bektop T .

ITpu pyci Touku M i paniyc-Bekrop I Oyze 3 IUIIMHOM Yacy 3MiHIOBATUCS 3a BEIIMYMHOIO (MOJYJIEM)
Ta HanmpsiMOM. TakuM YMHOM, SIKIIO Oyne 3aJaHuii 3aKOH 3MiHM pajiyc-BekTopa I pyxomoi Touku M
K (QYHKLIA Yacy, TO pPyX MaTepialbHOI TOYKH BBAXKAETHCS 3aJaHUM BEKTOPHHM CIIOCOOOM.
MaremaTHuHO 116 MOXHA 3aIUCaTH TaK:

r=r(), (2.1)

net - ygac.

x/ y

Puc. 2.1

CniBBigHomeHHs (2.1) Ha3MBAa€eTbCSl KIHEMAaTHMUHUM DPIBHSHHSAM pyXy TOYKH Y BEKTOpPHIH
¢dopmi. OgHOUACHO 1€l BUpa3 MOXKHA PO3MIIAATH K PIBHSIHHS TPAEKTOPII.

3HaiiieMo y mpuiHATIH cuctemi koopauHat OXyz BenwuuHY paniyc-Bekropa I, mis 4oro
CIIPOEKTYEMO MOT0 Ha oci KoopanHaT. OTpuMaemo:

r=x@t)i+y®) j+z(@t)k, (2.2)

e X('[), y(t), Z (t) - IOTOYHI 3HAYEHHs KOOPIMHAT KiHIsA pamiyc-Bektopa [ abo,
(bakTUyHO, pyXoMoi TOukHu M.

Bu3Haunmo KiHeMaTHYHI XapaKTePUCTHKH PYXOMOi TOUKH M.

Tpaexmopiero AB pyxy mamepianvnoi mouku M € eeomempuune micye KiHyie padiyc-6ekmopa
I abo nenepepsna ninis, Ky onucye mouka nio yac c6020 pyxy 8i0HOCHO OAHOI cucmemu GiONIKY.

BBenemo moHATTS rojorpada BEeKTOPHOI QYyHKITT T(t) (2.1) mo ckansipHoMy aprymenrty t. Ile
KpHBa, sIKa HAKPECIIOEThCS KiHLEM BeKkTopa [ IpH HemepepBHii 3MiHi yacy t, KOJIM MOYaTOK BEKTOpa
3anumaethes y dikcopanii Touni O. To6to, rogorpad omucyroTs KiHui Bekropis I, I, ..., I, mo
BiJINOBIJal0Th KOHKPETHUM TMoJoxkeHHsM Toukd My mpoueci pyxy. Lle crocyerscs He Tinbku
paniyc-BeKTOpiB, a 1 BEKTOPIB IMIBUAKOCTI, IPUCKOPEHb Tolo. B maHomy pasi rogorpad cmiBnanmae 3
TpaekTopieto AB.

BuzHaunmo pyry KiHEeMaTU4Hy XapaKTepPUCTUKY — wGUOKICb pyXy MaTepialbHOI Touku M.

LlIsuoxicms — ye BeKMOpPHA GeNUUUHA, KA XAPAKMEPU3YE 3MIHY NepemMilyeHHs 3d OOUHUYIO



M KM
yacy| — |, | ——
c 200

Jns mporo po3risiHEMO pyX Touku M. BBakaeMo, 10 TOYKa pPyXaeThCcsl MO JAOBUIBHIN
tpaekropii AB (puc. 2.1). 3a meskuit nmpomixok yacy Al Touka mepemicTunach i3 monoxeHus M B

nonoxernss M, (pagiyc-sexrop T;). Jlust Toro, mo6 BU3HAYNTH NEpEMileHHs TOYKH M 3a IPOMDKOK
yacy At, 3'eqnaemo Touku M i Mi i orpumaemo Bektop AT | SKMil € FeOMETPHUYHOIO PI3HUILIEIO MiXK
Bextopamu [} i I'. Toxi cepennst mBuakicts Toukn M 3a mpomixox wacy At (3rigHo Bu3HaUCHHS)

nopisHioe Bignomenno I no At, a came:

_ AT
O, =—,
At
a mBuakicts Touku My Oyap-saxuit Moment yacy t Gyzme nopiBHIOBaTH:
AF dr

O=Ilmo =Ilim—

=_ 2.4
At>0 © At—>o At dt 24)

Ak b6auumo 3 0CManHbL020 BUPA3Y, NPU BEKMOPHOMY CHOCOOI 3A0AHHA PYXY MamepianbHOl
MOYKU il WBUOKICMb € NepuLoto NOXIOHOW IO padiyc-6eKmopa mouKu no 4acy.

Hanpsamok eexmopa wieuokocmi U mouku — no 0omuunitl 00 mpaekmopii i cnpsimosaHuil y ik
i1 pyxy.

Ilpuckopenns — ye 6eKMOPHA GEIUYUHA, AKA XAPAKMEPUZYE 3MIHY BeKMOpa WEUOKOCMI 3a
OOUHUYIO YAC).

OouHuys 8uMipy NPUCKOPEHHS — |:% 2 :| .

Busnaunmo npuckopeHHs MmatepiaiibHOi Touku M. Po3risiHeMO pyx TOYKM y IUIOIIMHI 1
BBa)XA€MO, III0 BOHA PYXA€ETHCS MO NOBUIBbHIN TpaekTopii (puc. 2.2). Y monoxxeHHi M MBUAKICTh TOUYKU
Oyna U . 3a gesxuil npomikok yacy At Touka mepemictunack y monokenus Mi, a ii mBHAKICTH
3MIHMJIACH 1 CTana JopiBHIOBaTH U;. Bka3saHi BeKTOpM HIBHUAKOCTEH TOYKM OyJyTh CHPSAMOBaHI I10
JOTUYHHUX JI0 TPAa€KTOpii. 3HaWIeMO NPUPICT MIBUAKOCTI 3a JaHUM NpoMiKOK dacy. g 1boro
TIEPEHECEMO TapasiebHO BEKTOP MIBUIAKOCTI U; y monoxeHHs M. 3'eHaeMo KiHIi BeKTOpiB U 1 U i

orpumaemo Bektop AD . Binnomenns npupocty AD Bektopa U mo mpomikky dacy At srigao
BH3HAYEHHs NPUCKOPEHHS 1 Oy/ie cepeiHiM MPUCKOPEHHIM pyXxoMoi MaTepiainbHOl Touku M. A came:

AU
a=—.
At

Bekrop @, Oyze mapanensHuM BekTopy AD , ale He Mae TOUKH MPHKIIAJaHHSL.

(2.5)

Puc. 2.2

Jns oTpuMaHHS MHUTTEBOTO MPHUCKOPEHHS MaTepiallbHOI TOYKHM HEOOXIJHO PpO3MIISHYTH
HECKIHYEHHO Manmii mpomikok dacy (tobro At —0), a Bech Bupas (2.5) 3BecTH 10 TIPaHMUIIL.
Otpumaemo:



AG _do

a=Ilma, =Ilm-—=—. (2.6)
At—0 At—0 At dt
Sxmo migctaBuTH y (2.6) 3HaYEHHS MIBUIKOCTI TOYKH (2.4), TO MAaTUMEMO:
_ do d*r
=—=——. (2.7)
dt dt

TakuM 4MHOM, NpU 6eKMOPHOMY CHOCOOI 3a0AHHS PYXY MAMepiaibHOi MOYKY ii NPUCKOPeHHs.
00pisHIOE neputiil NOXIOHIN 8I0 WBUOKOCII PYXY MOUKU NO uYacy, abo Opyeill noxioHiu 6i0 paodiyc-
8eKmMopa mouKu no yacy.

BekTop MHTTEBOrO MPUCKOPEHHSI d MaTepialbHOI TOUKH Oyze CpsSMOBaHUH y OiK YIHYTOCTI
TpaekTopii, TOOTO ii LEHTpa KPUBU3HU. BUIbII AeTanbHO MHPO HAMPSIMOK BEKTOpa MPUCKOPEHHS
MaTepiaabHOI TOUKHU Oy/ie PO3TISHYTO JaTi.

KoopannaTHmii criocié 3ajaHHs pyXy MaTepiajbHOI TOYKH

Lleit coci6 3amanHsl pyxy MaTepialbHOI TOYKH LIMPOKO BHKOPHUCTOBYETHCS HPU PO3B'sI3aHHI
3a/1a4, y TEXHIYHUX PO3paxyHKax.

[Ipu Takomy crocobi 3ajjaHHA pyXy MarepiajibHOI TOYKH Hamepel 3aJaloThCsl KOOPIMHATH
MaTepianbHOi TOYKU K (QyHKUIT yacy. Skio BUOpaTu y mpoCTOpi MPSIMOKYTHY JAEKapTOBY CHUCTEMY
koopauHat OXyz, TO mpu pyci Touku M BCi TpW 1i KOOpauHATH OyIyTh 3MIHIOBATHCS 3 YacOM
(puc. 2.1). [ns Toro, mo0 3HATU TMOJOXKEHHS TOUKH y OyAb-SKUH MOMEHT Yacy, a TaKoX s
BU3HAYCHHS 11 KIHEMATUYHUX XapaKTEPUCTHK, HEOOXITHO 3a7aTh BUPA3U X KOOPIUHAT K (QYHKII{
yacy. B 3araiibHOMY BUIJISIII 1€ MOYKHA 3aITUCATH TaK:

X =X(t),
y=y(t), (2.8)
z=12(1).

Ili mapameTpudHi pIBHSHHS, B SKHX pOJIb IapameTpa Biairpae 4dac {, € KiHEMaTHYHHUMH
PIBHSHHIMH PyXy TOYKH y IPSIMOKYTHIN JEKapTOBIl CHCTEMI KOOPJAMHAT 1 BU3HAYAIOTh CYTh JTAHOTO
croco0y.

Crnig 3ayBaKuTH, L0 SKIIO PYX MarTeplaJbHOI TOYKU 3JIMCHIOETHCS B OAHIM IJIOLIUHI, TO B
cuctemi (2.8) 3aKOH 3MiHU OJIHI€l 3 KOOPJAMHAT BXKe HE MOTPIOHUHN. SKII0 pyX TOYKU 3MIHCHIOETHCS,
Hanpukiaz, y wiommai XOY, To cucrema (2.8) HaOyBae Takoro BUTIISY:

X =X(t),
y=y().

SIkmo MaTepiasibHa TOUYKa 3/11HCHIOE IPSAMOJIHIHUNA pyX, TO JOCUTh BUOpATH JIMIIE OJHY BiCh
KOOpauHaT, Hanpukiaag Ox, CyMICTUBIIM 1i 3 HalpsIMOM pPyXY, TOAl Lel pyx Oyjae omnucaHuil Juiie
OJTHUM PIBHSHHSIM:

(2.9)

X=X(t). (2.10)
BusHaunMo KiHEMaTH4YHI XapaKTEPUCTUKH PyXy MarepialbHOiI TOYKHM IPU JAHOMY CIOCO01
3alaHHs 11 pyXYy.

TpaexTopis pyxy.

PiBusnns (2.8) Ta (2.9) dakTHUHO € PIBHAHHAMU TPAEKTOPIl PyXy MarTepiajbHOi TOYKHU Y
napameTpudHiii Gopmi, B sKuX, sk OyJ10 CKa3aHO BHWINE, POJb mMapamerpa Bimirpae wac . Jlms
3HAXOJKEHHSI TPAEKTOPii pyXy y 3BHUaiiHi (popmi HEOOXiHO BUKIIOYUTH 3 PIBHAHb pyXy Hac t,
TOOTO 3100yTH 3aJI€KHICTh MK CAMUMH KoOpJauHaTaMu. Lle MoxHa 3poOUTH AeKiUIbKOMa CIIOCOOaMHU.
Hampukinan, migctaHoBkor abo MiTHECEHHSIM 000X YaCTUH PIBHSIHB /IO KBAJApaTy Ta TMOWICHHUM
JOZIaBaHHSM (SKILO PIBHSHHS MICTATh TPUTOHOMETPUYHI PYHKIIIT).

Mpuxaang 2.1.

Pyx marepianbHOi TOUKH 3A1iCHIOETHCS Y TUIomMHI OXY 1 3aJaHUN TAKUMH PIBHAHHIMU:



X =21,
y =12t%
Bu3HaunTH TPAEKTOPIIO pyXy TOUKH.

Po3e'azyeanns.

TpaexTopito pyxy MarepiajibHOI TOUKM MOXHA BUHAYUTH OJJHUM 3 JBOX CIIOCOOIB:

a) TPAEKTOPII0 PyXy MOXXKHA BHU3HAUWUTH, 33JIal0YM PI3HI MOMEHTH Yacy Ta 300pakarouyu
KOOp/AMHATH TOYKH X, ¥ Ha Tpadiky;

0) TpaekTOpilO0 PyXy MOXKHA TaKOX BH3HAYUTH, SKIIO BHKIOYATH 4Yac t i3 3a7aHUX PiBHIHBb

. . X . .
pyxy. Tak, 3 meproro piBHsSHHS Yac Oyae nopiBHioBati 1 = —. Toxi micist miICTAHOBKY Yacy y apyre

PIBHSHHS, MAaTUMEMO

12x? )
= =3X".
y 4

TakuM YHMHOM, TPAEKTOPI€I0 pPyXy TOYKH € Mapabosia 3 BEPIIMHOIO, sIKa pO3TAllOBaHA B
MOYaTKy KOOpJIWHAT 1 Biccto cuMeTpii Oy.

Mpuxaan 2.2.
Pyx marepianibHOI TOUKM 3a/1aHUI PIBHSIHHIMH:
x=3sint,

y =3cost,
nexiy-B[em], t-8[c].
BU3HAYNTH TPAEKTOPIIO PYXy TOUKH.

Po3zeé'azyeanns.

PiBHSHHS TpaekTOpii pyxXy MOKHa BHU3HAUUTH, SKIIO BHIYYMTH dYac U 3 DIBHSIHb pPYXY.
[lepenuiemo piBHSAHHS pyXy MaTepiadbHOI TOUKH TAKUM YHHOM:

sint =

cost =

W< wWlx

[TigHOCAYM 10 KBaJpaTy i J0/Ial0uu OKPEMO JIiBi 1 TpaBi YACTUHU IIUX BUPA3iB, MATUMEMO:
2 2
X,y
1 - —2 + —2 y
3 3
abo
X° +y?=3%
OTxe, pIBHSHHAM TpaeKTOpii pyXy MaTepialbHOI TOUKH Oyje piBHSAHHS Koja paiaiycom R =3
[cm] 3 menTpOM y MOYATKY KOOpAMUHAT.

HIBuaKIiCTH pyxy
Jlis BU3HaUeHHS IIBUIKOCTI PyXy MaTepiaibHOi TOYKU MPU KOOPAUHATHOMY CIIOCO01 3a/1aHHS

BUKOPHUCTA€EMO OCHOBHI MOJIOKEHHS, sIK1 OyJIM OTpUMaHi MU PO3MIIAAI BEKTOPHOIO CIIOCO0Y 3a7aHHSA
pyXy MaTepiaibHOI TOUKH. 3 €0 METOO MiJCTaBUMO Bupas (2.2) y Bupas (2.4), MaTUMEMO:



d| x@®)i+y@t)j+z@®)k
_ dx. dy. dz-
D=—= =—i+—2Lj+—k. (2.11)
dt dt dt dt dt

3 iHmoro OOKy, BEKTOp HIBUAKOCTI U (K 1 OyAb-KUI 1HIIMI BEKTOP) MOKHA Yy MPUHHATIH
cucremi koopauHat OXyz npencTaBuTh 4epe3 Horo MpoeKIlii Ha 0ci KOOpAWHAT. A came:
U =u,d +u, ] +ok, (2.12)

ne Uy, Dy, 1 L, - IPOEKLIT BEKTOpA INBUAKOCTI Ha BIAMOBIHI OCI KOOPJHMHAT.

Sxmo posrisnyty Bupasu (2.11) 1 (2.12), To MokHA TOOAYUTH, IO € MOXKIIUBICTh IPUPIBHIATH

-

xoedilieHTn npu oxuHMYHUX BekTopax |, |, K i oTpumaru Taki Bupasu:

dx
O, =—,
dt
dy
l)y=a, (2.13)
dz
v, =—.
dt

Taxum wunom, npoekyii eexmopa WEUOKOCMI MamepiaivbHOoi MouKu HA KOOPOUHAMHI OCI

O00PIBHIOIOMb NEPUUM NOXIOHUM HO Hacy 8i0 IONOBIOHUX KOOPOUHAM.
Slkio BijioMi MPOEKIIii BEKTOpA HAa OCI KOOPAMHAT, TO € MOMJIMBICTh CKJIACTH 1X T€OMETPUYHO 1

OTPUMATH MOAYJIb BEKTOpA IIBUAKOCTI. MaTHMeEMO:

U=1/Uf+U§+UZZ : (2.14)

HaHpHMOK BCKTOpa H_IBI/I)IKOCTi U BH3HAYa€ThCA qcpe3 HaHpHMHi KOCHUHYCH:

AN

cos(x, ©) =,

AN

cos(y, V)= (2.15)

H

L

Py

V)
"y v
cos(z, ©) = —%.
V)

IIpuckopenus pyxy.

Jlis BHU3HA4YEeHHS NPUCKOPEHHS PyXy MaTepiajbHOI TOUYKH NPU KOOPAUMHATHOMY CIIOCOOi
3aJlaHHsl PyXYy IOBOJUMOCS aHAJOTIYHO, SIK 1 B BUIAJKy BH3HAUEHHS IIBUIKOCTI pyxy. A came:
3Ha4yeHHs pafiyc-BekTopa I (2.2) miactaBumo y Bupas (2.7), BU3HAUUMO JPYTY MOXIJHY 1 3HaWeMO

MIPUCKOPEHHS

d?| x@)i+y ) j+z @)k
arr { Oi+y@)j+z() }_dzx__ dzyj+d22
dt? dt? dt?  dt? dt?

3 iHImoro 00Ky, BEKTOp MPUCKOPEHHS d MOXHA y NPUHHATIN cuctemi koopauHat OXyz nmoaatu
y BUTJISA1 MOrO pOeKIIiid Ha ocl KoopAuHAT. A came:
a=a,i+a, j+a,k. (2.17)

SAxuro nopisasiTH (2.16) 1 (2.17), TO MO’KHA HANTUCATH TaKi CIiBBIAHOIICHHS:

k. (2.16)

a-=



“odt?’

d2
ay=d—tg', . (2.18)
fodt?

Takum uunom, npoeKkyii 6eKmMopa NPUCKOPEHHS MAamepiaibHOi MOYKU HA OCi KOOpPOUHAm
O0pIBHIOIOMb OPY2UM NOXIOHUM NO 4ac) 610 8IONOGIOHUX KOOPOUHAM.

SIK1I0 BiTOMI TPOEKIIii BEKTOpa MPUCKOPEHHS HA OCI KOOPJIUHAT, TO € MOMJIMBICTh CKJIACTH 1X
TEOMETPHUYHO 1 OTPUMATH MOy CAMOTO BEeKTOpa. MaTumMeMo:

a=,a;+a’+al. (2.19)

HaHpHMOK BCKTOpa ad TaK0>X BU3HAYAETHCS qcpe3 HaprIMHi KOCHHYCHU:

N

cos(x,a) =% |

a

cos( y,Aa) =azy, (2.20)
2) =&

cos(z,a) = .

TakuM 4MHOM, TP KOOPAMHATHOMY CIIOCO01 3allaHHS PyXy MaTepialbHOI TOUKH, SKIIO IEH
PYX 3HIMCHIOETHCS y MPOCTOPi, 11 MBHUAKICTP U 1 NPUCKOPEHHS A BU3HAYAIOTHCS BiIIOBITHO 3a
nonoMororo Bupasis (2.13), (2.14), (2.15), (2.18), (2.19) i (2.20). Skuro pyx 3AiHCHIOETHCS Y IUIONIHHI,

TO y BCiX IMX (opMylax BiIKUIAETHCS OJHA KOOPAMHATA, a SKIIO MPAMONIHIHHO, TO BIIKUIAIOTHCS
JIBI KOOPAMHATH.

Jlexkuis 8.
Tema: KinemaTnka Touku

HartypajabHuii criocié 3agaHHsi pyxXy MaTepiajJbHOI TOYKH

BusnHauuMo crodatky KiHEMaTHYHE pIBHSHHS pyXy IpPU LbOMY CHOCO01 3aJaHHS pPyxy
MaTepiaibHOI TOUKH.

Harypanbnuii cnioci6 3agaHHs (0nucy) pyxy MarepiajibHOT TOYKH 3aCTOCOBYETHCS TOJ1, KOJIU
TPa€eKTOpis TOUKM 3a3fajerifp Bioma. Pyx MmaTepiasibHOI TOUKM BHMBYAETHCS BIAHOCHO (DiKCOBAHOI
CUCTEMH BIJIIIKY. 3a/1a€ThCs 1 3aKOH PYXY TOUKHU BJOBXK TPAEKTOPII.

Taxum YMHOM, JUIA 33JJaHHS PyXY HaTypaJlbHUM CIIOCOOOM HEOOXiIHO 3HATH:

1. Tpaextopito AB (puc. 2.3), sika Moxke OyTH 3aJaHa PIBHSHHSAM, I'padidyHO YM BKa31BKOIO,
HaNpUKIIaI: TOYKa PyXa€eThCs BIOBX Koua pagiycoM R.

Puc. 2.3



2. Tlouarok BimIiky O KpPUBOJIHIHHOI KOOPAMHATH S HA TPAEKTOPIl PyXy 3 BKa3iBKOIO
nomaTHHX “+” i Big'emMHmx “—” 3HaueHb. KpiMm Toro, 3amaerbcs movarok Bimmiky wacy t. 3Buuaiino
npuiimarots, mo t =0 B MmoMenT, ko Touka M nmpoxomuts uepes Touky O Ha TpaexTOpii pyxy.

3. 3akoH pyxy MaTepiaibHOI TOYKH B3/I0BX TpaeKTOpii. SIKI0, HANPHUKIAA, y MOMEHT Yacy t
TouKa 3aliMac MONOKeHHS M, KpHUBOIiHiliHA KOOpAMHATA SKOIO JOPIBHIOE S, TO L€ 3aMHUCYEThCH
HACTYITHUM YHHOM:

S =5(t). (2.21)

s pyHKIIis MOBUHHA OyTH HETIEPEPBHOIO 1 MPUHAKWMHI B4l 1U(epeHIIiOBaHO0.

CriBBinHomeHHs (2.21) Ha3UBA€TbCA KIHEMAaTUYHUM PIBHSHHAM PyXy MaTepialbHOI TOYKH y
HaTypaJIbHIA GopMi.

KpuBosiHiiiHy KOOpAMHATY HE CIif] IUIYyTaTH 3 JOBXUHOKO NUIAXY, SIKHH MPOXOIUTHh TOYKA 32
MEBHUN IPOMIXKOK 4acy sIK y I0AaTHOMY, TakK 1 y Bi/I'€eMHOMY HamnpsMKax.

Bu3HaueHHs MIBUIKOCTI PyXy MaTepialbHOT TOUKH.

Posrnsmemo cxemy Ha puc. 2.3. IlonmoxxeHHs Touku M BiAmoBijgae MOMEHTy dYacy t, a

nonoxxenst M1 — ti. Toxi npomixkky gacy t; —t = At Bignmosinae 3mina kpuBoniHiHOT KOOpAUHATH

S; —S = AS. 3Bigcu MOXHA BU3HAUHTH CEPEIHIO IIBHAKICTh TOUKH 3a MPOMDKOK dacy At :

S-S AS
UC
t -1 A'[
A MUTTEBY WBUIKICTH (Y OyJb-KUH MOMEHT 4acy) MOKHA BU3HAYUTH, SKILIO B3SATH IPAHULIIO
AS
BigHomenuss —, ko Al npsmye o myst:
. AS _dS _ .
v= lim — =S. (2.22)
At—o At dt

Mooynb weuokocmi mouxku 3 HAMYPATLHUM ORUCOM PYXY OOPIGHIOE NEPULitl NOXIOHIL No Yacy
8i0 KpusoniHilnoi Koopounamu S. Hanpsamox eexmopa weuoxocmi — no OOMuyHitl 00 mMpackmopii

Pyxy.
[ToxizHa Mo yacy BH3Ha4ae YUCENbHY airedpaiuHy BEIMUYUHY IIBUIKOCTI, TOOTO, ko U >0,
TO BEKTOp IIBUIKOCTI HAIPSAMJIEHUH Y 10AaTHHOMY HaIlPSIMKY BIAJIIKY, a AKII0 U <0, TO IPOTHIIEKHO.

Mpuxaan 2.3.

. . . 2 . .
3aKOH pyXy MaTepianbHOi TOUKH 3a1anuii piBHAHEAM S = 4t° +1 [u]. Busnauntu npoiinenuii
IUISAX Ta MBUAKICTh PYXY TOUKH 32 | CeKyHTy.

Po3ze'azyeanns.

BusHaunMo crouatky, KM IUISX Ha TPAEKTOpii pyXy mpoiiae maTepianbHa Touka 3a 1 [c].
OCKIJbKH BIIJTIK Yacy MOYaBcs 3 MOYATKOM MOMEHTY PYyXY, TO S(O) = 0. Jlna 3HaX0KEHHS BiacTaHi,

110 TPOMJIeHa MaTepiaTbHOK TOYKOIO 3a 1 [¢], mMACTaBUMO y pIBHSHHS pyXy 3HA4€HHS IHOTO 4acy.
Marumemo

S=4.1+1=5 [u].

JIiist BU3HAYEHHS MIBUAKOCTI PyXY TOUKHU MPOANPEPEHIIIFOEMO PiBHAHHS pyXy. MaTnumemo:
_ds_ d(at?+t)
dt dt

3 OTpMMAHOr0 3HAYEHHS IIBMAKOCTI pPyXy MarepiadbHOi TOYKH MOYKEMO BU3HAYUTH
(migcranoskoro 1), mo 3 mowatky pyxy (npu t =0) v (0)=1,anpu t=1 - 0 (1) =9 [m/].

=8t +1[wm/c].

HarypanbHuii TPUTPaAHHUK.



HaBenemo nesiki BimomMocTi 3 AudepeHiiaabHol reoMeTpil, siKi 3HaTOOISIThCS ISl BUSHAYCHHS
KIHEMAaTHYHUX XapaKTePUCTHK PyXy MaTepialbHOT TOUKH.

[Ipunyctumo, mo kpua AB € Tpaekropieto Touku M (puc. 2.4). Y noBuibHii Touni M ta y
HECKIHYCHHO HaOJIMKeH1H 10 Hel TovIi M1 mpoBeaeMo JOTHYHI 10 1i€l KpuBOi (OpTH, BIATIOBIIHI UM
JOTUYHUM, TIO3HAUYMMO Yepe3 7 Ta 7). IloTim mepenecemMo BeKTOp 7; IapajlelbHO camMoMy co0i y

TOuKy M i IpOBEIEMO Yepe3 BEKTOpU 7 Ta T; IuomuHy Q.

A r0NnoBHa HopMalb

CTWUYHa NnoLlnHa

HopMarbHa A n
nrowmHa M

[O0TN4YHA

-
ol

cnpamMnao4a
MNoLKnHa

BiHopmarnb

Puc. 2.4

Inowuna, saxa € epanuynum nonodcenuam niowunu Q, xoau mouxka M1 npamye 0o mouxu M,
HA3UBAECMbCS CMUYHOIO NIOWUHOIO.

Yepes Touky M npoBenemMo IUIOMIKHY, 1110 NepHeHIUKYISpHA 10 JOTUYHOI 7 , iKa HA3UBAEThCS
HOpMasbHOW0. O4YeBUAHO, 10 Oyab-SKa MpsiMa y IiHl IUIOIIKHI, sIKa MPOXOAUTH Yepe3 Touky M, Oyze
MEPIIEHANKYISIPHA 10 7 , TOOTO Oye HOPMAILITIO 10 KPUBOI.

JIiHisl TepeTHHY HOPMAIbHOI Ta CTUYHOI IUIOMIMH BH3HA4Ya€ TOJOBHY HOPMaib JIO KPHBOI.
OTxe, roJ0oBHA HOpMalb — 1€ €JJMHA 3 HECKIHUEHHOT MHOKMHU HOpMaJiel 10 KpuBoi y Touli M, sika
po3ramoBaHa y CTH4HIN 1utomuHi. [hnomuHa, Mo npoxXoauTh yepe3 TOuKy M MepreHAuKYISIPHO 10
TOJIOBHOT HOpMaJli, HA3UBAETHCS CIPSIMIISIOYOIO.

JliHis nepeTuHy CHpSAMIISIIOYOI Ta HOPMaJIbHOI IUIOIIMH BH3HAYa€e OIHOpPMalb KPHUBOI.
OueBuaHO, 1110 GIHOpPMAaIb NMEPIEHANKYIIIPHA JI0 TOJIOBHOI HOpMaJi.

TakuM YMHOM, y KOXHIM TOYIll KpWBOI MOKHA BKa3aTW TPU B3aEMHO NEPIEHAUKYISPHI
HanpsMH, 3a SKUMH MOXHA IPOBECTH JOTUYHY y OlK 3pOCTaHHS AYroBOi KOOpJAMHATH (BIAMOBIAHUMN
OpT 7 ), TOJIOBHY HOpMaJlb — y OIK YTHYTOCT1 KpHBOi (BiAMoBiAHKI opT N ), 6iHOpMaIb 3 BIANOBIAHUM
oprom b , cipsimosany Tak, mo opti 7, M, D yTBOpIOIOTE MpaBY OpTOrOHATBHY TPiiiKy BEKTOPIB.

Ipsamoxymua cucmema xoopounamuux oceii 3 opmamu T, N, 0 i 3 nouamxom y pyxomiii
mouyi M nasusaemucs cucmemoro HamypanbHux ocetl, abo HamypaibHUM PYXOMUM MPUSPAHHUKOM.

3ayBa)kuMoO, IO IUIOCKa KpHBa MOBHICTIO PO3TAIlIOBaHA Yy CTHYHIN IUJIONIMHI, a TOJIOBHA
HOpMaJjb OyAe HOPMaJUIIO IO KpUBOi y Wil muiomuHi. HaTypanbHuil TpUTpaHHUK PyXaeTbcs pa3oM 3
TOYKOIO 1 3MIHIOE CBOIO OPIEHTALIII0 Yy IPOCTOPI Y BIAMOBITHOCTI 3 XapaKTepOM caMmoi KPUBOI.

KpuBusna kpusoi.

Sk MoxHa MmoOauuTH JAaji, MPUCKOPEHHS TOYKM Yy KPHUBOJIHIMHOMY pyci 3aJIe)KUTh BiJ
KPUBU3HH TPAEKTOPIi, TOMY PO3IJISTHEMO 110 XapakTepuctuky. Ha puc. 2.5 300paxeHna tpaekropis AB

pyXy TOYKH 1 JiBa Onm3pKi nonoxenns M ta M. Ilposenemo yepes touku M 1a M1 notuyHi 7 1 7.

Bincranp Mixk TOYKaMH BIOBXK TPAEKTOPIi JOPIBHIOE AS.
Kyr A@ mix 10THYHUMHE Y 1BOX OJIM3BKUX TOYKAX HA3HMBAETHCSA KYTOM CYMIKHOCTI.



KpususzHoto kpuBoi K y naniit Tounti M Ha3uBa€ThCs TPAHULS BiJJHOIICHHS KyTa CyMIXXHOCTI J10
nyru AS, sixa HOro cTATYe, KONHM 1 [yra NpsMye JI0 HyJIsi, TOOTO:

K = lim 22 (2.23)

AS

Puc. 2.5

PosrissHemo koo pagiycom R (puc. 2.6). 3poOMMO aHAIOTiYHYy T€OMETPHYHY MOOYIO0BY.
Bupasumo AS 3a Bizomoro GpopmyIoro

AS =RA@
1 macraBumo y (2.23). Matumemo
K=lim 22 -1
rp—»oRAp R
T00TO
K= 1 (2.24)
R

TakuM uymHOM, KOJIO pajlycoM R € KpuBOrO cTaynoi KpHUBHM3HM, 3HAYEHHS SIKOI JOPIBHIOE
oOepHEeHIi BeTU4MHI pajiyca.

Jls BU3HA4YeHHS KPUBU3HU JIOBUIBHOI KPUBOI JOCUThH MigiOpaTH Take KOJIO, €IEeMEHT JIyr'H
SKOT0 Kpalle 3a BCE alpoOKCHUMYye€ IUISIHKY KpUBOI y naHii touui. Toxal paxaiyc nporo kona Oyne
paziiycoM KpUBH3HHU KPHBOI, a IEHTP KoJjla — IIEHTPOM KpuBH3HU. Lle nokas3aHno Ha puc. 2.5:

P> - PajilyCc KpUBM3HU KPUBOi y TOULl M2,

02 - IEHTp KPUBU3HY,

K, = ,0_ - KpUBU3HA KPUBOI1 y Toulll M>.
2

AS
\ 1o
M = A9
% ‘ )



Puc. 2.6

o

JloTu4ne
Y HATYPAJBHHUX OCHAX
VY 1exkapTOBHX OCAX MM BHM3HAYald NPUCKOPEHHS TOYKH Yy HpPOEKLisX Ha oci X, Y, Z. Y
HATypaJIbHUX OCSAX BU3HAUMMO IPOEKIIIT BEKTOpa MPUCKOPEHHS Ha JOTUYHY 1 FOJOBHY HOpMallb. Ale
CIIOYATKY JTOBEAEMO, 110 MPOEKIIisl BEKTOpa MPUCKOPEHHS Ha OIHOPMAIh JOPIBHIOE HYIO. 3BEPHEMOCH

HOpMAaJIbHE NMPUCKOPECHHHA TOYKH

1o puc. 2.7. HIBuaxocti 61u3bKUX TOUOK M i M1 — BekTopu D 1 U, sKi HanpsAMIIEH] 1O JOTHYHHX Y
nux Toukax. IlepenecemMo BekTop U; y Touky M i 3'eqnaemo KiHui BexkTopiB U 1 U; . IloOynysasim

napajenorpamM, MOKHa M00auuTH, 10 BeKTOp AD , AK pi3HHIS MIBUAKOCTEH, (HOpMye BEKTOp
MIPUCKOPEHHS 1 PO3TAIIIOBAHMM B CTUYHIH TUIOIIHHI.

Puc. 2.7

[apanensno AD HanpsiMICHHI 1 BEKTOP CEpeJHbOrO IPUCKOPEHHs a,, @ BEKTOP MUTTEBOTO
MIPUCKOPEHHS Oy/1e JOPIBHIOBATH

_ . AD

a= lim —,
At—o0 At
M;—>M

1 TakoX OyJe po3TallOBaHUM B JOTHYHIN MIIOMIKHI. A 1I€ O3HAyae, MI0 MPOEKIlisl MPUCKOPEHHS
Ha O1HOPMaJIb JTOPIBHIOE HYJIO.

Tenep, 3HaIO4YM, IO BEKTOP MPUCKOPEHHS Ma€ TUIBKH TOTHYHY 1 HOpPMalbHY CKIIAJOBI,
BU3HAYMMO OCTaHHI.

Jnst uboro Ham 3HaI0OUTHCS puc. 2.8.

Puc. 2.8



Ha puc 2.8:
M7 — goruuna,

Mn  —ronosna HopMaib,
Mb - 6inopmans,

C — IIEHTP KPUBU3HH,
Yo, — pazaiyc KpUBU3HHU.

[Ipumyctumo, mo B MoMeHT t Touka M mama mBHAKicTs U, a B Moment U, ={+At —

IWBUIKICTh U; . To/ll IPUCKOPEHHS IOPIBHIOE
.. AD . U —U
a=Ilim —=Iim
At—0 At At—o At

[TepexonruMo 10 MPOEKIii MPUCKOPEHHS Ha HaTypalibHi oci 7 1 N. Matumemo

. U_—0U
a_ = lim 2——, (2.25)
At—>o0 At
. U, — U
a, = lim 22— (2.26)

" Atso At

BpaxoByroun, 1110 mpoekiiii BEeKTOPIB HA MapayieJbHl OCi 0JJHAKOBI, TPOBEAEMO Yepe3 TOUKy M1
. r . ’ . . . . . . .
oci M,7" i Myn’, sxi Binnosinxo napanensui ocsim M7 1 M N, i mosaunmo kyt cymixuocti Ag.

3Haiinemo npoekuii Bekropis U i U; Haoci M7 i Mn:
v, =0,
v, =0,
vy, =0, COSAQ,
Uy, =0, SiNAg.
[TincraBuMo 3HaYeHHS MPOEKLi y Bupasu 2.25 1 2.26. Matumemo

) Ap—
a = lim 1 CO5A9 v (2.27)
At—>0 At
i sinAg
a = lim o ——-. 2.28
: At—)OUl At (228)

Konu At npsimye 1o Hyns, TO

M, > M,
Ap — 0,
AS — 0,

Ul—)l),

CosAp — 1.
Toxni piBHAHHSA (2.27) Moke OyTH 3amMcaHe, K IMOKa3aHO HMXKYE, 1 JOTHYHE MPUCKOPEHHS
JOPIBHIOE
vy—v . Av dv
lim — =

a, = lim = =—,
Atso At Atso At dt
do d2S
Toodt dt? (2.29)

Takum uuHoM, OOMUYHEe NPUCKOPEHHS MOUYKU OOPIBHIOE Nepuliti NOXIOHIU 8i0 QYHKYIT
weuoKocmi no yacy abo opyeiti NOXioHill 8i0 KPUBONIHIUHIL KOOPOUHAMU NO YAC).



[leperBoprMO BUpa3 [JIsi HOPMAIBHOTO MPUCKOPEHHs (2.28), MOMHOXHUBIIHM YHCEIBbHHK 1
3HAMEHHUK Ha 100yTok A+ AS . Otpumaemo

a, = lim Ul_sm Ap Ap AS : (2.30)
At—0 Ap AS At
IIpu At —0:
lim v, =v,
V1=V
. SinAg
lim =1 — nepwasasiciuea eparuys,
Ap—0 A(p
lim A9 _ 1 — KpUBU3HQ,
AS—0 AS p
AS dS
im —=——=v
At—»o At dt

[TincraBuMoO 3HaYeHHS IMX TpaHUIlb Y BUpa3 (2.30). Matumemo
2

an =U‘1'—‘U=U—,
PP
abo
2
a =2 (2.31)
e,

Hopmanvhe npuckopenusi mouku OOpIGHIOE K8AOpamy WwEUOKOCMI, NOOLIeHOMY HA paodiyc
KPUBU3HU MPAEKMOPIT y OAHIll MOYYi.
BekTop HOpMalbHOrO NMPUCKOPEHHS &, 3aBXKI¥ HaNpAMIICHUH B3I0BXK HOpPMAall 10 LEHTPY
KPUBU3HU B JJaHIH TOYII.
2
HopmaneHe mnpuckopeHHs &, 3aBXAM J0jaTHe, TOMy IIO Mae€ BHMpa3 U, JOTUYHE
IPUCKOPEHHS &, MOXe€ OyTH SK JOJATHHUM, TaK 1 BLI'€MHHUM.

BekTtop mMOBHOrO MPUCKOPEHHS — JiaroHaldb MNPSIMOKYTHHKA (puc.2.9), MOIylb SKOTO

JOPIBHIOE
2 2
2 2 dv UZ
a=.a-+a = ||—| +|—| .
dt p

Puc. 2.9

Kyt Mix BekTopoM @ i HOpMainTio Bu3HayaeTbes g = —.
an
BekTop npuckopeHHs yepe3 Horo mpoekilii Moxke OyTH 3anMcaHuii HACTYITHUM YHMHOM:

a=a_-7+a,-n, (2.32)



ne 7,N - BIANOBIIHO OPTH JOTHYHOI 1 HOPMaJli HATYpaIbHUX OCCH KOOPIUHAT.

YacTuHHI BUNIAJKHU PyXy MaTepiaabHOI TOYKH
1. lIpaMouniniiiHMi pyX.

Paniyc kpuBHU3HU B IbOMY BUIAJKY Oyzie IOPIBHIOBATH O = 0O, TOMY
2

an=U_=0’
Yol
do
a=a, =—.
dt

BHCHOBOK: MIBHJAKICTh TOYKH 3MIHIOETHCS JIMIIE YHCENbHO, 3a Moxayiem. Lle o3Hadae, mio
JOTUYHE TIPUCKOPEHHS XapaKTePU3ye 3MiHY BEKTOpA IPUCKOPEHHS 32 MOJTYJICM.
A sKIII0 11e# pyX € 1ie i piBHOMIpHUM, TOOTO, Ko L = CONSt , To

do
aT=_= ,

dt

2
an=U—=0,

o
a=0.

2. PiBHOMipHUiT KpUBOJIiHIHHUIH pyX.

V nanomy Bunajaky L = CONSt, o # 00. Bu3HaunMO NPUCKOPECHHS PyXy MaTepiaibHOI TOYKH.
Bono Oyne mopiBHIOBaTH

a,=d—U=0,
dt
1)2
a,=—=a
Yo,

TakuM 4MHOM, MIOBHE IPUCKOPEHHS TOUKH JIOPIBHIOE HOPMAJILHOMY MPHUCKOPEHHIO.

BekTtop MOBHOrO MNPHUCKOPEHHS HANPSAMICHUA 1O HOpMalli J10 TpaekTopii. OCKIIbKU
MIPUCKOPEHHS 3’ SIBIISIETbCSA TUIBKU 3@ PaXyHOK 3MIHHM HaIlpsIMKY BEKTOpa LIBUAKOCTI, TO HOpMallbHE
MPUCKOPEHHS XapaKTEePU3Ye L0 3MiHY.

3. PiBHO3MiHHMI KPUBOIiHIHUI pyX.

VYV 1mpoMy BHIAAKy pyX TOYKM € KPHUBOJIHIHHMM, NPUCKOPEHHMM aji€ NPHCKOPEHHS a_ €
BeIMYMHA TMocTiHa. [lelf Bumazok HOCUTH Ha3By pIBHO3MIHHOTO pyXy (ToOTO, KOIM 3a piBHI
MPOMDKKM Yacy IMIBUJKICTb PyXy TOYKHM 3MIHIOETBCS Ha OAHY 1 Ty X BEJIMUYUHY, NPUYOMYy abo
301TBIIYETHCS, @00 3MEHILTYETHCS).

BusHauumo KiHeMaTH4HI XapaKTEePUCTHKH Takoro pyxy Ttouku. Ockimbku a, =CONSt, a

_dov

r — . » 10 3Bi,Z[CI/I € MOXKJIMBICTh BUSHAYUTHU I_I_IBI/I,Z[KiCTB PYXy TOYKH, a CaMC:

do=a_-dt.
[[IBuAKiCTh 3HAXOAUTHCS T 3HAKOM AudepeHIiana, a ToMy I 1 3HAXOKEHHSI HEOOX1THO

B3STH IHTErpajid BiJ JiBOi Ta MpaBOi YaCTWH OCTAaHHHOIO BHpa3y. BHKOpPHUCTOBYyeMO ISl IIOTO
BHU3HAUEHI IHTETpaNIU, JAJIS IKUX 337a€EMO BEPXHIO Ta HMKHIO IPAaHUIll 3MIHHUX BeJIMYMH. MaTuMEMO

Td L= Jt.ardt :
3BIJIKU " i



v—y,=at,

abo
v=y,+at,
1€ U, - IOYaTKOBA MIBUJKICTh PYXy MaTepialbHOI TOUKH.

dS

Bukopucraemo Bupas U=d—, 3 AKOro MaeMo MoxuBicTs BusHauutH (S . Bono Gyme
t

JIOPIBHIOBATH
dS =wv-dt.
3amicTh U MiJACTaBUMO B OCTaHHIN BHpa3 HOro 3HaA4eHHSI. MaTumMemo
dS =0, -dt+a.t-dt.
Sk i y nonepeHpOMy BHIAJIKy 3HaiieMO MepeMillleHHs S , B3SBIIM BH3HAYEHI iHTErpaiy Bif

7iBoi 1 mpaBoi YacTUH OCTAaHHBOTO BUpPa3zy. TakoXk 3ala€eMO BEpXHI Ta HWXKHI TPaHUII 3MIHHUX
BeIMYHMH. Matumemo

S t t
[ds =[v,dt+[a,tdt,
So 0 0
3BIJIKU
t2
S—SO =Uot+aTE.

OcTaTo4yHO HepeMiIIIeHHFI TOYKH MOKHA IICPCITIUCATH TAK
2

a,t
S=5,+ut+—"—.

ac SO - IOYAaTKOBC HepeMiIHCHHH TOYKH.

TakuM 4yUHOM, MPHU PIBHOZMIHHOMY PYCi MarepiaiabHOI TOYKH ii MIBUIKICTH Ta MEPEMIIICHHS
BH3HAYAIOTHCS 3a JIOTIOMOTOI0 3HaiiieHnx BupasziB. CIi 3ayBaKWUTH, IO 3HAKH y TPABUX YACTHHAX

nux Gopmyn (mepea @, ) MOKa3ylTh XapaKTep PiBHO3MIHHOTO pyxXy. Tak, SIKIO BOHM JOJATHI, TO PyX
TOYKH € PIBHONPUCKOPEHUM, a SKIIO BIJ'€MHI, TO PIBHOCIIOBUILHEHUM.

Mpuxaan 2.3.

[Taneup kpuBOIIMIIA JU3ENS PYXAETHCS BIAMNOBITHO 3a/JaHUX MTapaMETPUYHO PIBHIHB
X =asin ot,

y =acosot,

e Xiy-y[m],t-ylcl
BusHauuTH TPAEKTOPIIO PyXYy, MIBUAKICTH Ta IPUCKOPEHHS MaIbIIS.

Po3ze'azyeanns.

Jlnst 3HAXOIDKEHHSI TPAEKTOPIl pyxXy Maiblisd Tpeba BUKIIOYUTH 3 PiBHSHB pyXy mapametp 1.
Criouatky BU3HAYMMO 3 3a/1aHUX PIBHAHb TPUTOHOMETPUYHI (QYHKIIIT

. X

SInwt=—,
a

COSa)t=X.
a

OCKUTbKM TPUTOHOMETPHYHI (YHKIII OJHOTO apryMeHTy, MiJHECeMO y KBajpar JiBi Ta mpasi
YaCTUHU IIUX BUPA3iB 1 101aMO iX TOUIeHHO. MaTuMeMo
2
. X
sinZot+costot=| 2| +( ] =1.
a a



JliBa yacTHHA OCTAHHLOTO BUPA3Y AOPIBHIOE OJMHHUIII, OCKIIbKH SIN 2 wt +c0s® ot = 1, Toni

X2 + y?
—= =L
a
abo
x> +y*=a’.

TakuM 4nHOM, 3 OCTAaHHBOTO BHPa3y 0AYMMO, IO TPAEKTOPIEIO PyXYy MalbLs € KOJIO pazaiyca a
3 EHTPOM y IIOYaTKy KOOPIHHAT.

Jlnis BU3HA4YEeHHS MIBUJKOCTI pyXy 3HAWJEMO CIOYATKY HMPOEKIl MBUIKOCTI PyXy Hajbllsd Ha
KOOpAMHATHI oci. BOoHM NOpiBHIOIOTH

d x

v, =——=aw-Coswt,
dt

v, =ﬂ=—aa)-sina)t.
dt

Moynb IIBUAKOCTI pyXy HaibIlsd Oyie TOpiBHIOBATH

L= \/0)2( +02 =/(aw-coswt) 2+ (-an-sinot)? =ao.

TakuM 9MHOM, 3 OCTAHHBOTO BHpa3y 0aunMoO, IO MaJelb PyXa€ThCs 3 MOCTIHHOK MIBUIKICTIO,
sIKa JIOPIBHIOE A .

3Haii1IeMO MPUCKOPEHHS Malblid. TakoXX BU3HAYMMO HOTo Yepe3 MpOeKIii Ha oci KOOpAUHAT.
JIJis bOTO Bi3bMEMO JIPYTi OXITHI Bijl 3aIaHUX KOOPJIMHAT PyXy. A came

2
X .
a, =d—2= 40 __a@?-sin wt,
dt dt
d? do
a, =—g/=—y=—aa)2 . Coswt.
dt dt

[ToBHE mpuckopeHHs Oyae

a= \/af +a2 =/(- an? sinot)?+ (- an? -coswt)? = aw?.

OCKUTbKH Majiellb pyXaeTbesl MO KOy, TOOTO MO KPUBOJIHIAHINA TpaekTopil pyXy MOCTiHHOTO
paniyca @, TO HOro MPUCKOPEHHsS MOXHa Oyao O BM3HAYUTH, SKIIO BUKOPUCTATH (HOPMYIH NpHU
HaTypaJIbHOMY CIIOCO01 3aJjaHHs pyXy MarepiajibHOl TOYKHU. JloTMUHE NpPUCKOpEHHs mNajibls Oyne
JOPIBHIOBATH HYJIIO, OCKITBKH A = CONSt . A came

_dv d(ao) 0
©odt dt
HOpMaJ'ILHC IMPUCKOPCHHA BUSHAYHMMO TaK
2 2
1y aw
a,=—= (o) _ aw’,
0 a

OCKIIbKH AOTUYHOT'O IPHUCKOPCHHA HEMAE, TO ITOBHC NPUCKOPCHHA I[OpiBHIO€ HOpMaJIbHOMY, a
camMe

2
a=a,=an’.
TakuM yuHOM, SK OauuMoO, TPHUCKOPEHHS TMajbllsd, BHU3HAYEHI PI3HUMH CIIocO0amH,
CITIBIIAAIOTh.

Mpuxnan 2.4.

Touka Ha 000/11 MaXOBHKa 3epHO30MpPaTbHOrO0 KOMOAHA y MepioJl pO3rOHY PyXa€eThCs 3TiHO
piBHsAHHA S = 01-t3 (S -y [m], t-y [c]). Paniyc maxosuka nopisaioe R =05 [u]. Busnauuru

JIOTHYHE i HOpMaJIbHE IPUCKOPEHHS TOUKH B MOMEHT, KOJH ii mBuakicts nopisaioe L =30 [w/c].



Po3ze'azyeanna.

PiBHAHHS pyXy TOYKM 3aJjaHe HaTypaJlbHUM CIIOCOOOM, a TOMY IIBHJIKICTH MOXIIUBO
BU3HAYUTH TaK

ds d(01-t%)
v=—=—""—7=031°
dt dt
. M .
[To 3amaHOMy 3HAYEHHIO IMIBUAKOCTI TOYKH U = 30 | — 3HargemMo uyac. IlimcTtaBHMO
C
3HAYEHHS IBUAKOCTI B OTPUMaHUN BUpa3 1 3HAKHEMO t . Matumemo
30=03-t°,
3BIJIKU
30
t=3— =46]c|.
03
JloTnyHe MPUCKOPEHHS TOYKU OyJie TOpiBHIOBATH
do d
a, =2 =% (03:12)=06t=28 [ x/c?]
dt dt
HOpMaJ'ILHe IMPHUCKOPCHHA BU3HAYHUMO TaK
2 22
L 0,3-t
a, =2 = (0347 g6 [ 1/c?]
R 05

3nak "+" mepex MOTUYHHMM HPUCKOPEHHSAM &, O3HA4a€, IO MAaxOBHUK 3€PHO30MPAbLHOIO
KoMOaifHa 3HaXOUTHCS y CTaHI PO3rOHY, IO BIIMOBITAE YMOBI 3a/1a4i.

Jlekmis 9.
Tema: llocTynajJbHuii T2 00epTAJIBLHUN PYX TBEPAOrO Tija

Panime Oyno po3ryisHYyTO KiHEMaTHKy MaTepianbHOI Touku. [lepelimemMo nani 1O BUBUEHHS
PyXy TBEpPAOro TiJIa Ta PO3IJISTHEMO MOro HAWIPOCTIII BUAM, O SIKUX BIAHOCSTHCS MOCTYNAIbHUH 1
o0epTaIbHUI pyXH TBEPJIOTO Tija.

IMocTynaabHuii pyx TBepaoro Tiia

Tlocmynanenum Hazueacmvcsa maxkuti pyx meepooz2o mina, npu KoMy OO08iNbHA NpAMA, WO
npogeoena Ha YoboMy Mmini, NepemiugyeEmuvcs, 3a6ACOU 3aNUUAIOUUCL NAPANETLHOIO CAMIll COOI.

[Tpuknaan NOCTYNaNbHOTO PyXY:

1. Pyx xy3oBa aBTOMOO1LIS Ha NMPSAMOJIIHIMHINA JUISHII JJOPO’KHBOTO MOJIOTHA.

2. Pyx cnapuuka AB, sxuil 3’eanye kpuBommnu O14 i1 028, yci TOUKH SKOTO PyXarOTbCs
y310Bx koja (puc. 2.10.). besymorHo, 1o O14 = O2B.

3. Pyx memani Benocunena BiTHOCHO paMu, MOPIIHS JBUTYHA BIJTHOCHO IMJIIHApPA 1 T.IL.

Puc. 2.10

TpaexTopiero TOYOK TiJIa IPH MOCTYMAIILHOMY PYCl MOXKYTh OyTH SIK TIpsiMa JIiHis, TaK 1 Oyib-



aKki kpuBi. TepMiH “noctynanbHuil pyx’ 3aCTOCOBYETHCS TIJIBKH JI0 Tijia, ajie He O TOUYKH.
Teopema: Ilpu nocmynaneHomy pyci mina 6ci 1020 MOYKU PYXAOMbCA HO MOMONCHUX
KOHSPYEeHMHUX MPAECKMOPIAX | MAIOMb ) KOHCEH MOMEHM 4acy 0OHAKOGI WEUOKOCI | NPUCKOPEHHS.
Jlosedenna: Hexaii € Ti110, SIKE PYyXaETHCS MOCTYMAIBHO 1 IKE 3 OJTHOTO TMOJIOKESHHSI TIEPEHIILIO

. . . . . o o’
B apyre. [Ipasma AB, mo nposenena kpisp noBinbHi Touku 4 i B Tina, 3aiinsna nonoxenns A'B’.
Bubepemo 3a mouatok Bimiiky Oyab-sky Touky O. IIpoBememo 3 Touku O, SIKy MH NPUHHSIN 32

MOYaTOK BiJIiKy, pajiycu —BeKTopu [, ,[fg JBOX JOBiNBHUX TOYOK Tima A i B (puc.2.11). I3
TpukyTHUKa OAB BUILIIUBAE, IO

F, =F, + AB. (2.33)

Puc. 2.11

OCKUIBKM TIJIO PyXa€Thes MOCTYNANbHO, TO Bektop AB, sikuii 3’enmye Toukn A i B Ta 3aiiMac
BI[HOCHO Tijla HE3MIHHE MOJIOKEHHs, Oyle MepeMillyBaThuCs MapalieIbHO caMoMy co0i, TOOTO €

cranum BexTopoM ( AB = const).
TakuM 4MHOM, MpHU TOCTYNAJBLHOMY pYCl TiIa PaJilyc — BEKTOPU TOBUIBHMX TOYOK A4 1 B,

3MIHIOKOYHCH, OYYTh BiIPI3HATHCS HA OJUH 1 TOM e camuil craiuii Bexkrop AB.
TakuM YMHOM, MAaTHMEMO:
= = To
p=r,+AB =r,+ AB.
OTxe, TPAEKTOPII0 PyXy TOUKHM B MOXHaA OJEp>KaTH, 3MICTUBIIU TPAEKTOPII0 TOYKU A Yy

HanpsaMky Bektopa AB Ha Bincranb 4B, i ToMy 1i TpaexTopii OyayTh TOTOXKHMMH, KOHTPYEHTHUMH
(cymilaroThCs pU HaKJIalaHH1).

Busnaunmo mBHakocTi Todok Tina. [ng mporo mpoaudepenuiroemo 3a yacoMm Bupas (2.33.).
Marnmemo

dry drA+d(Ea)

dt dt dt
— d(AB
ane, ockineku AB = const, To (AB) =0, omxe
dr, _dr,
dt  dt’
a 11e, K B1JIOMO, IIBUJIKOCTI TOYOK A 1 B, TOOTO:
Dy =Ug. (2.34)
[Ticnst npyroro audepeHiiroBaHHS 32 4aCOM MAaeEMO:
do, _do,
dt  dt

[ToximHa BiJ MIBHAKOCTI 3@ 9acOM € MPUCKOPeHHsIM. OTKe, OCTAaTOYHO OJIEPIKYEMO:
a,=ag. (2.35)



Takum YUHOM, NOCMYNANbHULL  pyX  mila  YiIkoM  GUSHAYAEMbCS  PYXOM
0y 0b-aK0i 0OHIEL 11020 MOUKU.

ToOT0, BUBYEHHS TIOCTYMAILHOTO PYXY TiJIa 3BOJIUTHCS 10 BUBUEHHS PyXy OJHIET HOTO TOUKH.
[IIBUAKICTh 1 MPUCKOPEHHS, AKI € 3araJbHUMH I BCIX TOYOK TiJIa, HA3WUBAIOTHCS IIBUIKICTIO 1
MPUCKOPEHHSAM IOCTYMAJIBHOTO PyXy Tida. PIBHSHHS MOCTYNaJbHOTO PyXYy Tijia € PIBHAHHSAM PyXy
Oy/b-sKO1 TOYKH Tija.

O0eprajabHuii pyx TBEPOro Tina HABKOJI0 HepyxXoMoi oci.
3akoH 00epTaJIbHOI0 PyXy

ObepmanvHum pyxom HA3UBAEMbCA MAKUU PYX meep0o2o Mind, Npu AKOMY Ci MOYKU, 5Ki
Hanedxcamv OesKill NpAMil, He3MIHHO 38'a3aHi 3 MINOM, 1 AKA HA3UBAEMBCA BICCIHO 0DEPMAHMHA,
3aMUUAIOMbCS HEPYXOMUMU.

Bci iHIN TOYKM Tijla OMHMCYIOTHh KOJIA, TUIOMIMHU SKUX TMEPIEHIUKYIISPHI OCl, a paaiycu Kil
(pamiycu obepTaHHs) JOPIBHIOKOTH BiJicTaHsAM A0 oci. [leHTpu kin po3ramoBaHi Ha oci 00epTaHHS.

o6 3xificHuTr 0OepTanbHUN pyX, HEOOX1THO 3aKPIMMUTH HEPYXOMO JIB1 OyIb-sSKi TOYKHU Tija,
HaNpUKJIa, y MiIIIHUITHAKAX, TOI MPsIMa, SKa MPOXOJUTh Yepe3 Il TOUKH, Oy/e 3aJuIIaTHCs BECh 4ac
HEPYXOMOIO.

Busnauumo nonosicenns obepmanvHo2o mina.

Maemo TBep/ie Tilo, 10 00EPTAETHCS HABKOJIO HEPYXoMoi oci Z (puc. 2.12).

[TpoBenemo yepes Bich 0OepTaHHs ABi MIBILUIONMHNA: HEPYXOMY HIiBIUIOMKHY |, Ta miBIUIOMKHY
I, sxa HE3MIHHO MO€EAHAHA 3 TiJIOM, TOOTO 00EPTAETHCS Pa30M 3 HUM.

Tomi monoxxeHHsT TiUIa y Oyab-SKWA MOMEHT Yacy OJHO3HAYHO BU3HAYAETHCS JIBOTPAHHHUM
KYTOM ¢ MDK IIUMH MiBIUIOIIMHAMH, B3STUM 3 BIJNOBIAHMM 3HAaKOM, SKUU Ha3MBA€TbCI KyTOM

MOBOPOTY TiJa.
[Tpu oGepTaHHi TiJIa HABKOJIO HEPYXOMOI OC1 Z KYT ITOBOPOTY ¢ € HETIEPEPBHOIO 1 OJHO3ZHAYHOIO
(GYHKIIEIO BiJ] TapaMeTpy dacy
o=0p(t). (2.36)
4
A A
L \@
I ,}D,. B
Puc. 2.12

Bupas (2.36) Ha3uBaeThCs 3aKOHOM OOEPTANILHOTO PyXy Tijla a00 KIHEMATUYHUM PiBHSHHIM
00epTaIbHOTO PYXY.

SIKmo MaeMo 110 (YHKIIIO, TO MOJIOKEHHS Tija OyJe MOBHICTIO BU3HAYEHO, TOOTO KOXKHOMY
3HAYEHHIO TapaMeTpa yacy t MaeMo y BIANOBITHOCTI JIMILIE €IMHY BETUUUHY KYTa ¢.

Kyt ¢>0 BinknagaeTbcs Bi HEPYXOMOi IUIOUMHHM Yy HAmNpsMKY MPOTHU PYXY TOAMHHUKOBOI
CTPUIKH, SIKIIIO TUBUTHUCS 3 JOJIaTHHOTO KIiHIIS OCI Z.

Kyt ¢<0 BinkiagaeTbcs 3a TOAUHHUKOBOIO CTPLIKOIO.

Lleii kyT BUMIpIOEThCS Yy pajiaHax abo obepTax. Sk Bijjomo, oauH 00epT nopiBHIOE 27 [pad], a
TOMY

0=27N,

ne N - KiTbKicTb 00epTiB TiJa.

KyToBa mBHIKICTH Ta KyTOBE IPUCKOPEHHS

OCHOBHUMH KIHEMaTHUYHUMH XapaKTEPUCTHKAMH OOEPTAIbHOTO PyXy TBEPAOTO Tijia € KyTOoBa
MIBUJIKICTB @ 1 KYTOBE MPUCKOPEHHS €.



KyTroBa mBUAKICTh @ XapaKTepU3ye 3MiHy KyTa IOBOPOTY TiJia 32 OJAMHUIIIO Yacy.
Axmo 3a npomikok wacy At=1t —t tino 3xiiicuioe moBopor Ha kyr A@ =@ —@, TO
cepe/iHs KyToBa IIBUAKICTH Tija 3a e MPOMIKOK yacy Oy/ie YMCeIbHO JOPIBHIOBATH:
Ap
@,y = At
KytoBoro mBuaKIicTIO Tifa y Oynb-sSKWi MOMEHT 4acy t € rpaHuIlsi, 10 SKOI HaOIMKAETHCSI
3HAYCHHS (), , KOJIK POMIXKOK 4acy At npsimye o mysis:
. Ap d
w=lim 2222 =@
At—>o At dt

Omoice, Kymoea weuoKicmo mina y 0yO0b-sKUll MOMEHM YACY YUCEIbHO OOPIGHIOE Nnepulill
NOXIOHII 8I0 Kyma no8opomy 3d YacoMm.

3HaK @ BHW3HAYA€ HANPSIMOK OOEpTaHHS TiIa i, y CBOI Yepry, BU3HAYAETHCS 3HAKOM KyTa
ITOBOPOTY ¢.

(2.37)

. . | pao| |1 )

OpuHuLg BUMIpYy KyToBOi BUAKocTi | —— |, [ — [, | C

c c

KyTtoBe npuckopeHHs XxapakTepu3ye 3MiHy KyTOBOT IIBUAKOCTI TiJia 3 INTAHOM 4acy.

Sxmo 3a npomixok uacy At=1f —1 kyroBa IBHIKICT 3MIHIOETBCS HAa BEIUYUHY
Aw=w, —®, 10 cepenHe KyToBe NMPHCKOPEHHs Tia 3a LeH HPOMDKOK 4acy Oy[e HHCEIbHO
JOPIBHIOBATH:

Aw
Ecep. =

KyToBuM NpHCKOpPEHHSM Tijia y OyIb-sIKUIl MOMEHT uacy t € rpaHuls, 10 K0T HaOJINKAEThCS

& op, » KOTH npomixok gacy At mpsmye no myns, To6ro:
. Aw
e=lim —,
At—so At
abo
do _d’o .
8=—=—(2p=a)=go. (2.38)
dt dt

Omoice, Kymoge nNpuckopeHus mina y 0y0b-AKUll MOMEHM Ydcy YUCENTbHO OOPIGHIOE nepuliil
NOXIOHIU 8I0 Kymoe8oi uwieuokocmi abo opyeiil noxXioHitl i) Kyma nogopomy 3a 4acom.

pao 1 _9

OnuHUISA BUMIPY KYTOBOTO HPUCKOPEHHS | ——— |, | —5 |, | €
C

3 BUIE HABEJCHOTO BHUIUIMBAE, IO SKIIO MOIYJIh KYTOBOi IIBHIKOCTI 3 4YacoM 3pOCTa€
(£>0), To o6epranns Tina 6yne npuckopeHnM, a sxmo 3menmyetses (€ < 0), To obepranbHuil pyx
Oy/ie CIOBITbHEHUM.

Crin TakoX 3ayBaKMTH, 110 OOEpTaHHS Tija HABKOJIO OCi OyJe MPHCKOPEHUM, SKIIO 3HAKH
nepesl KyTOBOKO IIBUJIKICTIO @ 1 KyTOBUM HPUCKOPEHHSIM & OyIyTh OJHAKOBHMH, 1 HABIAKU —
CTMOBIJIBHEHUM, SKILO 3HAKH MEpe]] BKa3aHUMHU BEJIMYMHAMU OyyTh PI3HUMHU.

YacTuHHi BUNAJAKN 00epTAHHSA TiJIa HABK0JI0 HEPYXOMOI oci

B 3anexxHocTi Bif TOro, sIKi KIHEMaTHYHI XapaKTEepUCTUKH Ma€ TLIO IMpU 0OepTaHHI HaBKOJIO
HEpyXxoMoi oci, O0yBarOTh YaCTHHHI BUMAKU. Po3risHemMo ix.

1. PiBHOMipHe oOepTaHHs. SIKIIO KyTOBa MIBHJIKICTh Tijla 3aJMIIAETHCS 3a BECh Yac pyxy Tija
CTaJor, TO 00epTaHHs Ha3UBAETHCS piBHOMIpHHUM. [Ipu Takomy pyci KyToBa mIBHAKICTH @ = CONSt , a
£ =0. Kyr noBopoty Tiia MOkHa BU3HAYATH 3a TAKOK (POPMYIIOKO

p=w-t, (2.39)

a00 KyTOBa MIBUAKICTh Oy/ie JOPIBHIOBATH



»

a=—.
t
VY TexHili MIBHIKICT, PIBHOMIPHOTO OOepTaHHs Tijd HaWyacTille BH3HAYAIOTh YaCTOTOIO
_ 00.
obepranHs N, sKa BUMIPIOETBCA Y | ——
X6.

BceraHoBrMO 3B'SI30K MK BKa3aHUMH KIHEMaTHUYHUMH XapakTepuCTHKamu. Tak, BiIOMO, IO
IIPU OJTHOMY OOEpTi TiJIO MOBEPHETHCA HA KyT 27, a mpu N obeprax — Ha KyT 27zn. Temnep, AKIo 1ei
NOBOPOT (Ha KyT 27n) BinOyBaeThCcs 3a OAHY XBWIMHY, a00 60 [cex], TO 3B'I30K MiX KyTOBOIO
MIBUAKICTIO ( O00EpTaHHs TiIA 1 9aCTOTO0 N 1HOro 00epTaHHS BUPAXKAETHCS TAKOKO 3AICIKHICTIO

_o_2mn_mn o,
t 60 30
2. PiBHOMipHO 3MiHHMI oOepranbHui pyXx. [Ipu Takomy BUmagky oOepTaHHS Tia HABKOJIO
HEPYXOMOi OCi HOro KytoBe MpHCKOpeHHs & = CONSt, ToO6TO KyTroBa MIBHIKICTH Tilia () 3a pPiBHI
MMPOMDKKH Yacy 3MIHIOETBCSI HA OJTHY 1 TY K BEJIMYUHY.
Bu3zHaunMo KiHEMaTH4HI XapaKTEpUCTUKHU PIBHOMIPHO 3MIHHOTO 00€pTaIbHOTO pyXYy.

Ockinbkn & =CONSt, a 3rigao (2.38) &=——, TO 3BiACH € MOXIHBICTH BH3HAYUTU KYTOBY

MIBUJIKICTB pyXy Tina. BoHa 1opiBHIOBaTHME
do=c¢-dt. (2.40)

KyToBa mBHIKICTE (@ 3HAXOAMTHCS Mif 3HAKOM IUdepeHIiiana, a ToMy Ui il 3HAXOKEHHS
HeOOX1HO B3STH IHTETpalu BiJ JiBOi Ta mpaBoi yacTUH Bupasy (2.40). BukopuctoByemo i 1bOro
BU3HAYCHI IHTETpaliv, ISl SIKUX 3aaEMO BEPXHIO Ta HIDKHIO TPAHMIl 3MIHM 3MIHHUX BEJMYHH.
Marumemo

w t

J. do = _[ edt.
@, 0
[Ticnst iHTErpyBaHHS OTPUMAEMO

w—w,=¢t,
abo

w=w,+¢t, (2.41)
1€ (@, - MOYaTKOBA KyTOBA MIBUJKICTH TiJIA.

d
Hani Buxopucraemo Bupasz (2.37), 3rigHO SKOro @ = 29 . MaemMoO MOXIHMBICTb 3 HBOTO
BU3HA4YUTU KyT (. Bin Oyzne nopiBHIOBaTH

do=w-dt. (2.42)

3amicTh @ miACTaBUMO y BHUpa3 (2.42) iioro 3HauenHs (2.41). Matumemo
dp=w,-dt+¢ct.dt. (2.43)

Sk 1y nonepeaHbOMY BUIAJIKY, 3HAWJEMO KyT IIOBOPOTY TUIa (0, B3SIBILIM BU3HAYEHI IHTErpan

BiJl JIiBOI 1 MpaBoi yacTuH Bupasy (2.43). Takox 3aaeMO BEpXHI Ta HIDKHI I'paHUIN 3MiHH 3MiHHHUX
BEJIMYUH. MaTumemo

@ t t
jd¢:jwodt+.[etdt. (2.44)
Po 0 o
[Ticnst iHTErpyBaHHS OTPUMAEMO:
t2
@ — @, =a)0t+85.

OCTaToYHO MaTHUMEMO:



2
Q=@, +a)0t+%. (2.45)

I€ (), - IOYaTKOBUM KYT IIOBOPOTY TiJa.

Takum 9MHOM, TIPH PIBHO3MIHHOMY OO€pPTAIbBHOMY PYCI TBEpPIOTO Tijla HOr0 KyTOBA IMIBHAKICTh
(D Ta KyT [TIOBOPOTY (0 BU3HAYaAIOTHCS 3a jonoMoroo gopmyin (2.41) ta (2.45). Cain 3ayBaxkuru, 110

3HaKM Yy TpaBUX dYacTHHAaX IMX ¢Gopmyn (mepen &) TMOKA3ylOTh XapakTep PiBHO3MIHHOTO
obeprasibHOr0 pyxy. Tak, SIKIIO BOHU JOJATHI, TO PyX € PIBHONMPUCKOPEHHM, a SIKIIO BiJ'€MHI, TO
PIBHOCIIOBUIBHEHHM.

IMpukaang 2.5.

[IpuBinHUMi Baa CUIIOCOPI3KH MTOYMHAE 0OEPTATHCH i3 CTaHy CIIOKOIO 3 KyTOBUM IPHCKOPEHHIM
&=1,5[pao/c?]. Busnauutu KyTOBY WIBMAKICTH Bala y KiHII 15 cekyHmu. Bu3HAYMTH TaKox,

CKLTBKH 00epTiB 3po0uTH Baj 3a i 15 cekyH.
Po3e'azyeanns.

3a yMOBOIO MpPHKIIAAY KyTOBE NMPHUCKOPEHHS Bajla € CTaja JoJaTHa BEIMYHMHA, a TOMY HOTO
obepTanbHUl pyx Oyzae piBHONPHCKOPEHUM. [[i1st BU3HaUSHHS KyTOBOT IIBUKOCTI () 1 KyTa IIOBOPOTY
(¢ Bama MOXHa cKopucraTHch Bupaszamu (2.41) i1 (2.45) BiINOBIAHO, IO BUKOPHCTOBYIOTH IPU
PO3TIISAl PIBHOIIPHCKOPEHOTO PyXy. A came:
w=o,+ &t,

st?
=@, +a)ot+7.

Crig Bigpasy 3ayBaXKUTH, 1110, OCKUIBKH BaJl MOYMHAE 00EPTATHCH 31 CTAHy CIIOKOIO, TO HOro

MOYaTKOBA KyTOBA MIBUAKICTH 1 MOYATKOBUN KYT IOBOPOTY JIOPIBHIOIOTH HYIIIO:
@, =0,
?, =0.
[TimcTaBUMO mani y BUpa3 Jjsi KyTOBOI IMBUIKOCTI 3HAYEHHSI KyTOBOTO MPUCKOPEHHS & 1 4acy
t, =15 [c]. Toxi kyroBa WBKAKICTS () MiCIs I’ AITHAALUATOI CEKyHAH Oyze NOPiBHIOBATH:

ao
w=ect, =7515=1125 | 2%
C
[linctaBumMo y BHUpa3 [uld KyTa I[OBOPOTY (0 Baja BiJOMI BEIUYUHM, OTPUMYEMO HOIrO

3HA4YCHH 3a H’HTH&)IIISITI) CCKYHI:

2 2
gt 75-15
p=",= =843,75 [ pao |.
JU1s 3HaXO/IKEHHS 3arajlbHOTO YKCia 00epTiB Bajla, CKOPUCTAEMOCH TAKUM BUPA30M
p=N-2r.
3Bincu uncino obepris N Bana 3a 15 [¢] nopisHio€:
843,75
=2 T 134 [06.]
2r 6,28
IIBuakocTi i NPUCKOPEHHSA TOYOK Tina,

110 00epTAETHCSI HABKOJI0 HEPYXOMOI 0Ci

PosrnsiHemo Tino, mo obepTaeThecsi HaBKOJIO HepyxoMoi oci Z (puc. 2.13). Bubepemo B Tifi
Oynp-sKy TOUKY M, sika po3MilTyeTbes Ha BijacTaHl R Big oci o6epranns Z. [Ipu obepranHi Tijia TOUKa
M onucye komno paaiyca R, miommHa $KOro nepneHauKyjIspHa oci obepranHsa, a ueHtp C
po3TanioBaHUi Ha camii Oci.



Puc. 2.13
3a wac Ot BinOyBaeThcs enemMeHTapHMil HOBOPOT Tila Ha KyT d(p, npu 1bOMY TOouka M

3MIHCHUTH Y3J0BXK CBOET TPAEKTOPII MEpEMILICHHS HA BETHUUUHY dS=R dgo. Busnaunmo mBUAKICTE

toukun M . 3a Bimomum Bupasom (2.22) Bona Oy/e 10piBHIOBATH

Uzd_Sz d(R.d(p)sz(sza)’
dt dt dt
TOOTO
v=w-R. (2.46)

L[ mBUAKICTh HOCUTH HA3BY JIHIKHOT 200 KOJIOBOI MIBHUAKOCTI TOYKH, [0 HANIEKUTh TiNy, K
00epTaeThCcsi HABKOJIO HEPYXOMOT OCi.

Taxum uunoM, NiHIUHA WEUOKICMbL MOYKU MEepo020 mila, wo 00epmacmovcs HABKON0
HEpYXoMOoi OcCi, 4UCelbHO O0O0pIBHIOE O000VMK)Y KYMOB0I WEUOKOCmI mina Ha paoiyc obepmauis
(6i0cmansb 6i0 yici mouxku 00 oci 0bepmamHs,).

Hamnpsimok BekTopa JiHIHHOT MBUAKOCTI — MO JTOTHYHIN J0 KOJia, SIKE OMUCYETHCS TOUKOW M
MiJ] Y9ac pyxy.

OCKUTBKH JIJIS1 BCIX TOYOK Tija KyTOBa MIBHUAKICTh @ y JaHUH MOMEHT 4acy Mae€ OJHE 1 T€ XK
caMme 3HaueHHs, TO JiHIMHI MIBUAKOCTI TOYOK OOEpTaJIbHOTO Tijla MPOMOPLIHHI 1X BIACTaHAM 10 OCi
obepranus (puc. 2.14), 1 qnsa glamerpa KL Oyme mMatu miciie emopa po3noauTy HMIBUIKOCTEH TOYOK,
sIKa HOCUTB JITHIHHUH XapakTep.



Puc. 2.14

Bu3zHaunMo MpHCKOpPEeHHS TOYKU M, sKa PyXaeTbcs BJIOBXK KPUBONIHIAHOI Tpaektopii. s
IIOT'0 CKOPUCTAEMOCS PiBHSAHHAMH (2.32):

a=a, -7+a,-n,

do
a =—,
dt
I (S
02
an =—,
yo,

B nmanomy Bumanky p =R, Toni, miacraBisioun 3HaueHHs (2.46), MaTMMEMO 3HAYEHHSA
00epTaIbHOTO, JOTHYHOTO TPUCKOPEHHS

d(Rw do
= Ro) _gdo_pp (2.47)
dt dt
Ta I[OHeHTpOBOFO, HOpMaJ'IBHOFO HpI/ICKOpeHHSI
R2w?
a,=——— =Ro?. (2.48)

JloTvuHe TNpUCKOpeHHs & 3aBKAW CIPAMOBAHE IO JOTHYHIA 10 TpaekTopii Toukm M,
MIPUYOMY, SIKIIO0 00epTaHHS MPUCKOPEHE, TO Y O1K BEKTOpa IIBUIKOCTI, SIKIIIO CIIOBUIBHEHE — TO IIPOTH.
HopmanbHe npuckopeHHs @,, 3aBxk/M JI0JaTHE i CIPSMOBAHE JI0 LIEHTPa CBOI'0 KOJa.

Buznaunmo noBHe npuckopeHHs. Bono 6yzae nopiBHIOBaTH

a=.a?+a? =JR%s% +R%0* (2.49)

a=RvVe? + 0. (2.50)

Bu3HauuMo HampsMOK BEKTOpa ITOBHOTO NPUCKOPEHHS, I I[bOTO PO3IVISTHEMO pPyX
matepianbaoi Toukn M 110 KOsy 3 KyTOBOIO MIBUAKICTIO (@ 1 KyTOBUM NMPUCKOPEHHAM & , HAPAMKH

abo

AKMX TMokasaHi Ha puc. 2.15. IlokaxkeMO HanpsMKH BEKTOPiB JOTHYHOIrO &,, HOPMAJIbHOro 4, i

MOBHOTO A MpPUCKOpeHb. ToJi BIIXWIEHHS BEKTOpPAa MOBHOIO NMPHCKOpEHHS A Bix HopMami N 1o

TPaeKTOPIi pyXy TOUKH BU3HAYAETHCS KYTOM U, SIKUH MOKe OyTH OOUMCIICHHI 3a TAKMM BHPa30OM

| _|Re|_|s
—n.2_ 2

a, Ro° o

OCKUIBKHY € 1 @ MalOTh y JaHUI MOMEHT 4acy JJIsl BCbOI'O Tij1a OJHE 1 T€ K caMe 3HA4Y€HHS, TO 3
BHpa3iB JUIs OBHOTO NpucKopeHHs (2.50) ta kyTta BigxuieHHs (2.51) BUIIMBAE, M0 MPUCKOPEHHS

yCiX TOYOK Tijia, M0 OOEpTaEeThCsl HABKOJIO HEPYXOMOi OCl, MPOMOPIiifHI iX BiAcTaHSAM BiA oOci
o0epTaHHs 1 yTBOPIOIOTh OJTHAKOBHUH KYT 4 3 pajilycaMu KiJl, III0 OMUCYIOTh Pi3HI TOYKH Tija.

tQu = (2.51)



Puc. 2.15

BekTop KyTOBOI IIBHAKOCTI TijIa

KyToBY MIBHJIKICTh OOCPTAIBHOTO TiJIa MOKHA YSIBUTH SIK BEKTOP.

Bsaoccacmuvcs, wo eexmop Kymogoi weuoxocmi mina CnpsamMo8aHull 830082 0Ci 00epmanHs
Max, wo Koau OUBUMUCH 3 U020 KiHYs, MO MOXCHA Oauumu oOepmanHsa miia npomu HanpsamKy pyxy
200unnuxosoi cmpinku (puc. 2.16).

@, LD
[

Puc. 2.16

BekTop @ € BEeKTOpOM KOB3HHUM, TOOTO 3a MOTO IMOYATOK MOYKHA B3ATH OyJIb-IKy TOUYKY Tija,
sKa po3TallloBaHa Ha Ocl HOro o0epTaHHs.

3amaHHsg BEKTOpa () TOBHICTIO BH3HAYA€ OOCPTAIBHUI PyX Tija, HAIpsM o0epTaHHSI, a TAKOX
YrceNbHEe 3HAaYeHHsI KyTOBOI MIBUAKOCTI 32 IOBXHHOIO BEKTOPA 1 MACIITAOHUM KOE(IIIEHTOM.

BekTopHuii BHUpa3 JIiHIHOY IIBH/IKOCTI TOYKH Tij1a,
110 00epPTAETHCS HABKOJI0 HEPYXOMOI OcCi

Bupazumo niHiiHY IIBUAKICTh TOUKH 00€PTAJILHOTO T1JIa y BUTJISII BEKTOPHOTO JOOYTKY.

JIyist IbOTO BIJIKIJIAZIEMO Ha OCi 00epTaHHS 3 Oy/b-AKO1 JTOBUIBHOI TOUYKH O BEKTOP (@ KYTOBOI
IIBUKOCTI 1 3 II€T K TOYKU MPOBENEMO pajiyc — BeKTOp I, sIKMii BU3HAYA€ MOJIOKEHHS JaHOI TOUKH
tina (puc. 2.17).



Puc. 2.17

3 MaTeMaTHKH BifloOMO, 1[0 BEKTOPHUM J0OYTKOM JBOX BeKTopiB @ i D € BekTop C, MOmymb

AKOTO JOPiBHIOE JOOYTKY MOJYJIiB BeKTOpiB A i D Ha cuHyc KyTa Mik HUMM, a COpAMOBaHHMIi Lei
BEKTOp NEPIEHIUKYISIPHO [0 IUIONIMHM, B SKIA pO3TallOBaHi Ii JBa BEKTOpPH, y OIK, 3BIIKU

HalKOpOTHIMIA TIepexif Bi BekTopa @ J0 BekTopa 0 BigOyBaeTbcs MHPOTH HANPAMKY XOAY

TOMHHUKOBOI CTpinmkm, To6T0 € =axXD. Ilpu mpomy Mmomyns BekTopHOro m06YTKY 6Yyae
JOPIBHIOBATH

2|=|al|bsin(@b)

PozrnsiHemo Bumnazaok, o 300paxkeHuii Ha puc. 2.17, 1 BU3BHAYMMO MOJYJIb JIIHIHHOT IIBUJIKOCTI
Touku M. MatumeMo

| O|=w-R=0-r-sina, (2.52)
ne I - paniyc Bektop Touku M BimHOCHO neHTpa O; o - KyT MiX BeKTOpamMu @ 1 I .
Hampsimok BekTopa O  JiHIWHOT MMBHAKOCTI Oyae 1O JOTHYHIM 10 Koja abo 1o

MEPIEeHIUKYIISPY 10 MIOMKHU TpukyTHIKa OMC.
Jlani BU3HAUMMO MOJTyJTh BEKTOPHOTO TOOYTKY @ X T :
|@xT|=wrsina. (2.53)

HanpsiMmok BeKkTOpHOTO A00YTKY, SIK pe3yJlbTYyIOUOro BEKTOpa, Moka3zaHuil Ha puc. 2.17, BiH
TaKOXX TNepneHIuKyIsipHuil wiomuHi AOMC. I3 1poro MoXXHa 3pOOUTH BHUCHOBOK, IO HE TIJIBKU
CHIBMAAAI0Th MOJYJII JIHIAHOI IIBHJIKOCTI 1 BEKTOPHOTO NOOYTKY, ajie 30iratoThbcs 1 IX HANpPSMKH.
3Biacu

OD=wXTr. (2.54)

TakuM 4MHOM, JIiHIHHA MIBUAKICTH Oy/Ab-KOi TOUKH TiJIa, sIke 00€pPTAETHCS HABKOJIO HEPYXOMOL
oci, TOPIBHIOE BEKTOPHOMY JAOOYTKY JBOX BEKTOPiB: KYTOBOI IIBUAKOCTI 1 pajiiyc-BeKTOpa Ili€l TOUKH
BIIHOCHO JIOBUIBHOI TOYKH OC1 0OEpTaHHS.

Busnaunmo niHiHY MBUIAKICTH TOUYKH M Tijda, BiCh 00epTaHHA SKOTO JIOBUIBHO PO3TAllIOBaHA Y
MPOCTOPI BiTHOCHO JAeKapToBoi cuctemu Bimiiky Oxyz (puc. 2.18). Koopaunatu touku M —X, Y, Z,

HPOEKIIii BEKTOpa KyTOBOI MIBUIAKOCTI @ — @, ,®, ,, ; IPOEKIii paaiyc-BekTopa I — Taki xk cami

y )
KOOPJAWHATH X,Y,Z.



Bupasumo niHiiHY MBHIKICTH 32 TOTIOMOTOI0 BUSHAYHUKA BEKTOPHOTO JOOYTKY:

P K

y @, |=(o2-0,y)i+

y £

V=0Xl=|0o, o
X

(2.55)

+(@,X—0,2) j+ (0,y — 0 X) k.

z
A
M(x,y,z) %
\
\
a T
k
o 2 y
_ O T
I ] X
y
X
Puc. 2.18

Sk BiTOMO, BEKTOp U MO’KHA 3allMCaTH yepe3 iHoro mpoekuii, Tobro U =10, + Juy + ko, .
Tonai, mo anasnorii, npoekuii JiHIHHOT HIBUAKOCTI HA OCi KOOPUHAT JOPIBHIOIOTh:
Uy =0,Z—,Y,

Ly =0,X— 0,2, (2.56)

L, = WY — O X.
®opmynu (2.54), (2.56) onepxani Eitnepom B 1765p.
Jns Bunanky Ha puc. 2.17:

w, =0,
o, =0,
W, =0,
3B1/IKH, KOPUCTYIOUUCH BUpa3oM (2.56), OynemMo matu:
v, =—wY,
Uy = wX,
v, =0,

v=w+X*+y* =wR.

Mpuxaan 2.6.



3
t
OOepraHHsl MaXOBHKa JIBUTYHA y ITyCKOBUI MEPI0J] BU3HAYAETHCS PIBHAHHAM () = E ,aet—B
CeKyHJaX, (0 — B pajiaHax. Bu3HaunTH MOAYy/b 1 HAPsIM NPUCKOPEHHS TOYKH, KA PO3TalllOBaHA Bij

oci obepranus Ha Bigcraui 50 [cam], B MOMEHT, KONH i WIBUAKICTB JOpiBHIOE U = 8 [M/ c].

Po3e'azyeanns.

Jliis BU3HAUEHHS MPUCKOPEHHS PyXy MaTepialbHOT TOUKH MOKHA BUKOpHCcTaTH Bupas (2.50):

a=RVe?+a’ .

KyToBi MIBUAKICT, Ta TPUCKOPEHHS PYXY MaxOBUKa JBUTYHA BHU3HAYMMO BHKOPHCTABIIU
Bupasu (2.37) 1 (2.38):

3
E

) = w: :2’
dt dt

2 2
d’p deo d(t?)
E = = =
dt dt dt
BuznaunmMo MOMEHT 4acy, B KM MOTPIOHO BH3HAYMUTH NPHCKOPEHHS TO4kH. /Iy mporo, Ha
migcraBi Bupasy (2.46), BU3HAYUMO KyTOBY HIBHJIKICTh OOepTaHHSA MaxOBHKa. MaTuMemMo

o=t ]

. . . . 2
OCKIUJIbKH BU3HA4YCHA paHile KyToBa IIBUJKICTh JOPIBHIOE () = t , TO MOK€CMO BU3HAYUTH 4YacC

t, =/, =16 =4c.

V BU3HaueHe BMIIE KYTOBE NPUCKOPEHHS, sKe JopiBHIoe £ = 2L, migcTaBUMO 3Ha4YeHHS Yacy

=2t.

t, . Marumemo

t; , orpumyemo iforo 3HaueHHS
g=2=2.4=8 [c?]

HiI[CTaBI/IMO OCTaTOYHO 3HAYCHHA a)l i 81 Y BUpa3 g MOBHOT'O MPUCKOPEHHA, MAaTUMEMO

a=05V8"+16' =1280 [a/c?]

Hampsimok BekTopa @ BU3HAYMMO 3TigHO BUpa3zy (2.51). Marumemo

O 8 1
M= T162 " 32
3BIJIKH
u=1°48"
1€ i - KyT MK paziiycoM 00epTaHHS 1 BEKTOPOM HPUCKOpPEHHS a .
BexkTopuuii BHpa3 HOPMAJILHOT'O

i TAHreHUiaJIbHOI0 MPUCKOPEHb
Jis oTpUMaHHSI BEKTOPHUX (POPMYJ HOPMAJIBHOTO 1 TAHTE€HIIAJILHOTO MPHUCKOPEHb Bi3bMEMO
MOXIJIHY IO Yacy BiJl Bupasy (2.6), miACTaBIsgI04M B HHOTO BUpa3 (2.54). Martumemo

_dv d,_ | do _ _ dr
a=—=—(oxMN=—x+ox—. (2.57)
dt dt dt dt
Amnanizyroun Bupa3 (2.57) 1 po3raanatoun puc.2.19, MoxHa 3anucatu, 1o
do _
E =& — BEKTOp KYTOBOTO IPHUCKOPEHHS, SKUI CHPSIMOBYETbCS AaHAJIOTIYHO BEKTOPY

KyTOBO1 IIBUIKOCTI, a



dar _
— =D =
dt
[TimcTaBuMO 111 3HA4eHHS Y BUpa3 (2.57), oTpuMaeMo

A=exXT+ox0=eXT+w % (@ %xT).
Bupas (2.58) nazuarots hopmyoro PuBannca.
ITpoBenemo anami3 Bupasy (2.58).
Mouayib nepioro BEKTOPHOTO T00YTKY Oynie JOpiBHIOBATH

‘ §xl"=grsina.

X T — BEKTOp JIiHIHHOT IBHJIKOCTI.

S

(2.58)

Moy TaHT€HIIAIBHOTO TPUCKOPEHHS Oy/ie TOpiBHIOBATH:
a, =¢R=¢rsina.

1F
N

®

Puc. 2.19

SIk 6ayMMO 3 OCTaHHIX BHMpPa3iB CIIBIAJAIOTh HE TUIBKK iX Moy, aie i HanpsMkd ( L
AOMC), Tomy
a =exr. (2.59)
Taneenyianvie NPUCKOPEHHA MOYKU MEepO020 Mina, sAKe 00epmacmvCs HABKONO0 HepPyXOMOoi
0Ci, OOPIBHIOE 6EKMOPHOMY O0OYMKY 6€KMOPA KyMOB8020 NPUCKOPEHHS HA padiyc—8eKmop Yiei mouKu

BIOHOCHO 00BLILHOI MOUKU OCI 0OEePMAHHSI.
Moyns HOpMabHOTO MPUCKOpeHHs (2.48) Oyne A0piBHIOBATH

a,=0’R=ov.
N N

Moyib BEKTOPHOTO J00YTKY ‘ O X0 ‘ = v Sin (a_) , 5) = @V, OCKiIbKH (@ O ) =90° i

vlo.
CniBCTaBIIsAIOYM 3HAYEHHs MOAYJIB BEKTOpiB @,,, @ XU 1 iXHI HaNpsAMKHU, MOXHA 3pOOUTH

BHCHOBOK, IO

a, =0 x0 =0 x(oxr). (2.60)
Hopmanvhe npuckopenns mouku meepoo2o mind, wo 00epmaemvcs HA8KOI0 HEPYXOMOi oci,

OOPIBHIOE BEKMOPHOMY 00OYMKY 8€KMOpA KYMOB0i WeUOKOCMI HA 8eKMOP NIHIUHOI weuokocmi yiei



MOYKU.

Ilepenaya o0epTajJbLHOIO PYXy

[lepenaya oO0epTambHOTO pPyXy 3IIACHIOETBCS 3a JOMOMOIOK 3yOuacTHX, I1acOBUX,
JIAHITIOTOBUX TIEpeiay, KOJIIC TepTs Ta T. iH.

PosrmsiHemo mepemauy oOepTrampbHOrO pyxXy 3a JOMOMOror 3youactoi mepemadi (abo
dpukmiitHoi mepemaui) (puc. 2.20), sKa CKIamaeTbcsl 3 ABOX KOJIC, IO OOEPTArOTHCA HABKOJIO
HepyxoMux oceil. HazBemo mepiie koneco (MEHIIOro aiamerpa) Bexyuum. Hampsimok ioro o0epranHs
MOKa3aHo CTpUIKO0. BoHO Mae Taki (i3uyHi Ta KiIHEMAaTUYHI IMapaMeTpH: paaiyc — 1, KUIbKICTh 3y0iB
— 71, KyTOBa IIBUJKICTh — w1 abo yactora obepranHs — Ni. [lyis apyroro koseca, sike € BEICHUM,
OyIyTh Taki mapameTpH: paaiyc — 2, KUIBKICTh 3y0iB — Zp, KyTOBa IIBUIKICTH — 2 ab0 YacToTa
obepranHs — N2. HanpsiMmok o0epTanHs APYyroro Kojieca TaKOK MOKa3aHO CTPIIIKOO.

Puc. 2.20

Tenep, sKmO mepegadya oOOEPTANIBHOTO PYXy 3IACHIOETHCS 0€3 MPOKOB3YBAaHHSA Yy MICII
KOHTAKTYy KOJIC, TO JIiHIHA IIBUJKICTh TOYKH KOHTAaKTy (TOYKa A), SKa HAJIEXKHUTh OJHOYACHO JIBOM
KoJecaM, IOBUHHA OYTH OJJHAKOBOO. 3HailieMo JiHIMHI MIBUIKOCTI TOYKU A CIIOYATKY JAJs MEpIIOro
KoJjieca, a MOTIM JJIsl APYroro Koseca i npupiBHsAeMo iX. JIiHiMHA MIBUAKICT TOYKU A Ui MEPILIOrO
KoJjieca Oy/e 10piBHIOBATH:

a JIiHIMHA MBUAKICTh TOYKU A JJIS Ipyroro Koyeca Oyje TOpiBHIOBATH:
[TpupiBHsiemo Bupasu (2.60) ta (2.61), Oynemo mMaTu:
[TeperBoprmo Bupas (2.62) TaKUM YHHOM:
0) r
=2 (2.63)
@, h
. ()
SIK110 BBaXKaTH, 110 MepelaTOYHe BITHOLIEHHS, IIe —— = U, TO MOXHA OCTaTOYHO HANKCATH:
W,

y=l_nh_h_2 (2.64)

Takum 4yuHOM, nepedamoune GIOHOWIEHHS, UYe BIOHOWIEHHS KYMOBOI WBUOKOCMI 6e0yY020
Kojeca 00 Kymooi weuoKocmi 6edeH020 Kojlecd, sike 0OpIBHIOE GiOHOWeHHI0 padiyca (abo uucna
3y0i8) 6edeH020 Koaeca 00 padiyca 6edy4o2o Koaecd.

VY TexHilli € Take MOHSATTS, SIK TepeJaTOYHE YUCIIO.

Ilepedamoune uucio — ye GIOHOWEHH KYMOBUX WBUOKOCMEU 8ali6 )Y HANPAMKY



eHep2emuyHo20 NOMOKY, moomo 6i0 08USYHIE 00 BUKOHABUUX MEXAHI3MIE.

Bkazani OCHOBHI TOJIOKEHHsI TIPO Tiepenady o0O0epTaJbHOTO PyXy MK JBOMa KoJecaMH
MOBHICTIO TPHUAATHI Ui BU3HAYCHHSI TEPEJAaTOYHOIO BIIHOIICHHS JJIs TACOBOI a00 JIAHIIOTOBOi
nepenad. Ha puc. 2.21 mokazana cxema macoBoi (JaHIIOTOBO1) Tepeaadi 13 BKa3iBKOW (Di3WYHUX Ta
KiHEMaTHYHHUX MapaMeTpiB. J{s BU3HAYEHHS MEpPeJaTOYHOTO BiTHOILICHHS M€l mepenadi HEOOXiTHO
BHKOPHUCTATH BHpa3 (2.64).

[Tepenaroune BiTHOWICHHS MOKe OyTH OUTBIIMM BiJ OAUHUII 200 MEHILIUM.

ko nepepaya o0epTaIbHOTO PyXy 3A1MCHIOETHCS 3a JOIOMOTOI0, TaK 3BaHOi, YepB'SUHOT
nepenadi (puc. 2.22), To nepesaToyHe BiAHOIICHHS BU3HAYAETHCS (POPMYIIOIO:

Zy
u=—" 2.65
n (2.65)

e Zk - YKCII0 3yOI1iB YepB'sTYHOro Koseca, N - 4rcio 3axo/1iB yepB'saKa.

Puc. 2.21

Puc. 2.22

BuzHaueHHs IUIOCKONIAPAJIEIBHOIO PYXYy

IInockum abo niockonapaneibHum HA3UBAECMbCA MAKUUL PYX MEepo020 Mind, npu AKOMY 6Ci
MOYKU MINA PYXAIOMbCs Y NIOWUHAX, NAPATEIbHUX OesKill 3a0aHil HepYXOMil NIOWUHI.

Ha puc. 2.23 npusma npu pyci 3aiiMa€e MociiIoOBHO TPU MOJIOKESHHS.

[Tepexin 13 monoxxeHHs | y nonoxenns Il npusma 3a1iicHIOE y TOCTYyNaIbHOMY pYCi, epexina y
nonosxens 111 — y mmockoMmy pyci, ocKinbku, Hanpukiaz, npama AB nepexoauts y mpsamy A'B’, sxi e
HelapajielbHUMHU.



Puc. 2.23

PosrnsinemMo TBepae TiNO, AKe 3MIHCHIOE TUIOCKMH pyX, MapajelbHUN JesKiii HepyxoMil
wiommuHi 17 (puc. 2.24).

Puc. 2.24

Sxmo mMu meperHemo Tino TwromuHO0 OXy, sika mapalienbHa HepyxoMmiil turomuHi /7, Toai y
nepepisi gicranemo miocky ¢irypy S. Ilpu pyci Tina ng ¢irypa 6yae nepeminyBaTucs, 3aIUIIa0UYHUCh
Bech yac y miomusi OXy. OueBHHO, IO MpH TIOCKOMY pyci Bci Touku meprmenaukynaspa AA' no

IJIOMUHA (ITypH PyXaroThCsl OHAKOBO, SIK 1 TOYKa “a”’, MarOYM OJHAKOB1 IMIBUIKOCTI 1 MPUCKOPEHHS,
TOMY IO IeH MEePIeHIUKYIISP PYXA€ThCs MOCTYNAIBHO. SIKIIO B3SATH Ha Tepepi3i Ipyry Touky “b” i

! L) . ..
npoBecTH neprneHaukyisp BB’ , 1o Bei #oro Touku OyayTh MaTH OJHAKOBI IIBUAKOCTI i IPUCKOPEHHS,
ane U, #Up 1 @, # a,,. SIxmo Ha nepepisi B3ATH OyIb-AKY KiJIbKiCTh TOYOK, TO MOKHA OXOIIUTH BCE

TiJ0 pa3oMm. TakuM YWHOM, pyX TIepepi3zy S MOXKe IMOBHICTIO PENPE3eHTYBATH IIOCKOTIApATIEIBEHUHN pyX
BCHOTO TiJA.

3BiACUIb BUIUIMBAE, IO JJIS BU3HAUYEHHS IUIOCKOTO PYXY Tijia JOCTAaTHHO 3HATH PYyX IIOCKOI
¢irypu S, onepxaHol mepepizoMm Tija IUIOMIMHO0, KA apayeibHa JaHii HepyXOMil TUIOIIUHI.

MutreBuii LEeHTp IIBHAKOCTEM.
Ili1anu WBUAKOCTEH Ta NPUCKOPEHb

Mummeeum yenmpom weuokocmeu, Hazusaemvcs mouka P pyxomoi nnockoi  gizypu,
WBUOKICIb AKOT 8 OAHULL MOMEHN YACY OOPIGHIOE HYIIO.

Bxkazana Touka Moxke OyTH po3TamoBaHOr abo Ha camiil pyxowmiit ¢irypi, abo Ha ii yaBHOMY



MIPOIOBKEHHI.
PosrisiHemo dirypy S, sika 3aificHroe miockuit pyx (puc. 2.30). IIBuakicTs aestkoi Touku A i€l

(irypy BBaxaeThbCs BiJOMOIO 1 IOPIBHIOE U ,, HalpsAM 00€PTaHHA Ta KyTOBa IIBMJKICTH » 00EpTaHHA
(birypu Tex BBaKAIOTHCS BIIOMUMH 1 Moka3aHi Ha puc. 2.30.

Puc. 2.30

3pobumo naini Taky moOyaoBY: OIIYCTHUMO 3 TOYKU A MEPHEHIUKYJSAP IO BEKTOPa LIBUAKOCTI
D, Akuil HanpsimieHu# y Oik obepranHsa Qirypu. BinknaneMo Ha 1bOMY NEpIEHIUKYIAP] Bifpi30K

v . . .
nosxuaoro AP = —A [Ipuitmemo Touky A 3a MOJIOC, TOAI MBHIKICTh TOUYkH P naHoi ¢irypu Oyne
w

BH3HAYATHUCH 32 IOTIOMOTOI0 TAKOTO BEKTOPHOTO PiBHSIHHS:

3 upOro BUpasy 3HaiiieMo MBHUIKICTh Up . Bona Oyne 1opiBHIOBATH:

BexTop mBHAKOCTI Up, Oyae HAPAMIICHHH MIPOTUIIEKHO BEKTOPY MIBUAKOCTI U 4, TOOTO
Toni, migcTapisAouM 1€ 3HAYEHHS IIBUAKOCTI Up, y BHpa3 s IIBMAKOCTI TOYKU P,

OCTaTOYHO OyJIeMO MaTH:
Op=0,—0,=0.

TakuM YMHOM, WIBUIKICT TOYKM P IOpiBHIOE HyJI0, i THM CaMMM JOBEICHO iCHYBaHHS
MUTTEBOTO LIEHTPY IIBUJIKOCTEH.

Cnocoou BH3HAYECHHS NOJIOKeHHS
MMTTEBOIO LEHTPY WIBHAKOCTEN

PosrnsiHeMo fgekiibka OKpeMHX BHUIAJKIB BH3HAYCHHS IOJIOKEHHS MHUTTEBOTO ILIEHTPY
mBuaKocTel. [Ipu 11boMy MOKYTh OyTH Taki BUMaaku (puc. 2.31):

1. MuTTeBUi IEHTpP MBUAKOCTEH (Qirypu po3TalioBaHui Ha MEPIEHAUKYISPI, SIKUI TPOBEICHO
710 HalPsIMKY BEKTOPA IBUAKOCTI Jeskoi Touku Qirypu (puc. 2.31, a).

2. MUTTEBMI HEHTp MIBUAKOCTEH (irypu Moxe OyTH 3HAMIEHO SK TOYKY HEpeTHHY JBOX
MEPIEeHIUKYIIAPIB, K1 MMOCTABJIEHI 3 JBOX TOYOK (IrypH 0 HANpsIMKIB BEKTOPIB MIBHUAKOCTEH IUX
To4ok (puc. 2.31, 6).

3. SIKmo BEeKTOpH MIBUAKOCTEH IBOX TOUOK (irypu mapainenbHi (puc. 2.31, 6), a cami TOYKH He
JeXaTh Ha OJHOMY NEpPHEHJIUKYJSAPl 10 HAMpPSMKIB iX IIBUAKOCTEH, TO oOepTaHHS B 1€ MOMEHT
BIJICYTHE, 1 (irypa 3[1HCHIOE B JaHUH MOMEHT MOCTYNAJIbHHUH pyX, a MIBHUJIKOCTI yCiX TOUOK (irypu
JOPIBHIOIOTH OJTHA OJHIM.



Jlogamo, 1o B IbOMY BHUIAJKY, Ha BIIMIHY BiJl MOCTYMAJIbHOTO PYyXY, NMPUCKOPEHHS TOYOK
OyIyTh pi3HI.

4. SIk110 BEKTOPH IMIBUIKOCTEH 1BOX TOUYOK (pirypu mapanensHi (puc. 2.31, 2), Touku nexarb Ha
OJTHOMY TIEPICHIUKYJSPl 10 HANpPSIMKIB iX IIBUIAKOCTEH, a MOAYJ IIBUAKOCTEH HE OJHAKOBI, TO
MUTTEBUN ILEHTP IMIBHIKOCTEH MICTUTBHCS y TOYIll NMEPETHHY MPsAMOi, IO 3’€IHYe KiHII BEKTOPIB
MIBUKOCTEH 3 BKA3aHUM BHIIEC IEPICHUKYIISIPOM.

Puc. 2.31

Tomi, sixk 6aunmo 3 (puc. 2.31, 2), MaTIMEMO:

AP v,

BP vy
5. Ilpu xouenHi Qirypu Oe3 KOB3aHHS MO JESAKIH HEPYXOMiM KpHUBIH MHUTTEBUM LEHTPOM
HIBUJIKOCTEH Oy/ie Touka JOTHKY (IrypH 3 1€l HepyXoMor KpuBoo (puc. 2.31, 0).
6. KyroBa mBHIKICTh Girypu B KOXKHHW JaHUH MOMEHT 4Yacy JIOPIBHIOE BiJHOIIEHHIO MOJYJIS
HIBUJIKOCTI OYy/b-AKOi TOYKH (PirypH 10 BiACTaHI Bif 1i€1 TOYKH JO MUTTEBOTO LIEHTPY IIBUIKOCTEH.

Jlexuisa 10.
Tema: OcHOBHI MOHATTA TUHAMIKH

Hunamixoro Ha3UBAETHCS PO3/ILT TEOPETUYHOI MEXAHIKH, B IKOMY BUBUAEThCS MEXaHIYHUNA pyX
MaTepiaJbHUX TUI TiA A€o cuil. B 1poMy HallOuIbII BaKJIMBOMY PO3ZUTT TEOPETHYHOT MEXaHIKU
BUKJIAJIAIOTHCS 3arajibHl METOAM JOCIHIIKEHHS MEXaHIYHOTO PyXy OYyIb-sSKH MaTepiallbHUX 00'€KTiB,
K1 MOXYTb OyTH ONMCaHl 3a JOINOMOIOI0 MOeJNied: MaTepiajlbHa TOYKa, CHCTEMa MaTepiajbHUX
TOYOK, a0CONIOTHO TBepie Tio. KpiMm Toro, B JuHaMili BHBYAIOTHCS CTIMKICTH piBHOBAar" i pyxy
MaTepiaJbHUX 00'€KTIB 1 IX MEXaHI4HI KOJMBAHHS, pPyX MaTeplalbHUX 00'€KTIB 3MIHHOI Macu (pakeTHa
JMHaMIKa), eJIeMEHTH Teopil yaapy.

Jlunamika Mae BaXJIMBE MPUKIAJAHE 3HAYEHHA. 3a JIOMOMOToK I PIBHAHb 1 METOJIB
BHU3HAYAIOThCSA 3aKOHM PyXy PI3HUX MarepiajJbHUX TiJ - CHApsAiB, PaKeT, CYNYTHHUKIB, IUIAHET,
€JIEMEHTIB BUMIPIOBAJIbHUX NpUJIaAiB, OYIIBETbHUX MEXaHI3MiB, OyiBENbHUX KOHCTPYKLIH,
IIPOMHCIIOBOTO YCTaTKyBaHHs, TypOoarperariB Tomo. Ha ocHOBiI 11 3aKOHIB CTBOpEHI CKJIaaHi
TIPOCKOITIYHI MpUJIaay KepyBaHHs, Ha 0a3l SKUX 3IMCHIOEThCS NWHAMIYHA a0o0 iHEepIliiiHa HaBiraiis.



Mertoau JOCHIIDKEHHA CTIHKOCTI pyXy € (yHIAaMEHTOM [WHAMIKM CHCTEM aBTOMAaTUYHOTO
perymoBaHHs. Mertoau 1 BaplaniHl NPUHIOWNKA AHATITHYHOI JAWHAMIKH TIICIS  BIIMOBITHOTO
y3arajgbHEHHS BUKOPUCTOBYIOTH JUISl JOCHIDKEHHS TUHAMIKM EJIEKTPHYHUX JIAHIIOTIB, y 3aJadax
€JICKTPOIMHAMIKH, KBAHTOBOI MEXaHIKH, TEPMOJUHAMIKH Ta THIINX HaYK.

B ocHOBi auHamiku Jexath 3akoHH HbIOTOHa, sIKi € mocTynaramu abo akCcioMamu, Ha SKUX
OyIyeTbCcsl BCS CHCTEMa BHCHOBKIB, JIOKa3iB 1 MeToniB AuHaMiku. LI 3akoHM € 00'€eKTUBHUMH
3aKOHAMHU MPUPOJIH, OO BCTAHOBJICHI HA OCHOBI YMCEIBHHUX JIOCIIIIB 1 ciocTepeskeHb HproToHA 1 Hioro
MOTNIEPETHHKIB, TOCTOBIPHICTh SIKUX TIEPEBIpEHA TOCTIAOM 1 MPAKTHKOIO.

JluHaMika CIMPAEThCS HA MOHSTTS, TEOPEMH, METOAM 1 PE3YJIbTATH JIBOX MOMEPEIHIX PO3ILIIB -
CTaTUKH (BU3HAYCHHS 1 TMEPETBOPEHHS CHUCTEM CHJI, Y TOMY YHCII peakiii B's3ei) 1 KiHEeMaTHKH
(crocobu 3aBmaHHS PyXY, CHIBBIAHOIIEHHS MK KOOPIMHATAMH, IIBUIKOCTSAMHU 1 NMPHCKOPEHHSMH,
KiHEMaTUYHUN aHaji3 Mexadi3miB). IIpore nuHaMika HE € TPOCTUM CHHTE30M JBOX IIOMEPEIHIX
posxinis. i ocnoenum 3micmom € cxnmajaHHs (32 JOMOMOTOI0 MOHATH CTATUKM i KiHEMATHKH)
TQepeHIliaTbHUX PIBHSIHD PyXY 1 X pO3B'SI3aHHS MaTeMaTHYHHUMH METOJIAaMH 3 METOI0 BU3HAUCHHS
3aKOHIB PyXy MaTepialbHUX TiJl, @ TAKOXK BCTAHOBJICHHS 3arajlbHUX 3aKOHIB 1 MPUHIIUIIB JTUHAMIKH,
SKI BU3HAYAIOTh MeXaHIYHUU pyX. [Ipu mpomy B muHaMilli BBOAMTHCS Psijl BAXKJIMBHX IMOHATH: Maca,
LEHTP Mac, MOMEHT iHepii, KUTbKICTh PyXy, KIHETUYHA 1 MOTEeHLIHHA eHeprii, podoTa, MOTYXHICTb,
CuJIa 1HEpIIii, MOYKJIMBE TIEPEMIIICHHS Ta 1H.

HeoOximHOIO YMOBOIO PO3B'A3aHHS 3a/la4 JTUHAMIKH € 3HAHHS amapaTy BHIIOI MaTeMaTHKH,
30KpeMa TakuX 11 po3aitiB K qudepeHiiaabHi pIBHIHHS y 3BUYaiHUX 1 YACTUHHUX MOX1IHUX, MTOX1TH1
GbyHKIINA OHIH 1 KUTPKOX 3MIHHHX, KPUBOJIIHINHI 1 KpaTHI IHTETpajy Ta iH.

Jnnamika i ii ocHoBHI 3aga4i

JIBa momepeaHi pO3IiIN KypCcy MEXaHiKH — CTaTHKA 1 KIHEMaTHKa — IO CYTi MaJio 3B’s3aHi Mixk
coboro. KoxxHOMY 3 HMX BIJIOBIJJa€ CBOE OKpEME KOJIO MOHSATh, 3aJa4 1 METOMIB iX pO3B’s3aHHA. Y
CTaTUIl PO3TJINAIOTHCS 3a]adi Ha PIBHOBAry, a TaKOX 3aJadi eKBIBAJICHTHHUX IEPETBOPEHb CHCTEM
CHJI; TIPH TaKUX MEPETBOPEHHSAX HaBIThb HE IOCTAa€ MHUTAHHSA MPO Te, SKUM pyX Tila BUKIMKAIOTh
MPUKJIa/IeH] CHIIM. Y KIHEMAaTHUIll BUBUAETHCS PyX «caMm Mo co01» 6€3 3B’ A3Ky 3 TUMH CHJIaMU, M1 €0
SIKUX BiH B1I0yBa€ThCA.

Junamika - ye ocHoHuUll pO30il MeOpemudHOi MEXaHiKU, Oe Y3d2albHIOIOMbCSA NOJONCEHHS |
BUCHOBKU, OmMpumMani 6 cmamuyi i Kinemamuyi, mMoOmo OUHAMIKA BUBYAE MEeXAHIYHULL pYX
mamepianvHux 06 ’€Kkmis, wjo BUHUKAE NiO OIEI0 CUL, NPUKIAOEHUX 00 YUux 00’ €Kmis.

Came y nuHaMmilli CTaBIATbCS 1 PO3B’SI3yIOThCS JIBI OCHOBHI 33Jadi MEXaHIKH: a) 3a BIIOMHM
3aKOHOM pPyXy MarepiaibHOro 00’€KTa MOTPIOHO BU3HAUMTHU CHIIM, SIKI LIeH pyX BUKJIMKAIOTH (Tepiia
abo mpsma 3aaaya); 0) 3a BIIOMUMHM CHJIaMH, IO JAiOTh HA MaTepiajJbHUM 00’€KT, MOTPiOHO 3HANTH
3aKOH oro pyxy (apyra abo obepHeHa 3a1a4a).

3BMYAlHO JOUHAMIKY B 3aJ€KHOCTI BiJl KOHKPETHOTO TOHSTTS MarepiajJbHOro 00’€KTa
MOAUISAIOTH HAa TPU YAaCTUHU: TUHAMIKY MaTepialbHOI TOUKH, JUHAMIKY CUCTEMHU MaTepiaJbHUX TOUOK 1
JUHAMIKy TBEpAOTO Tijia.

JluHamika MaTepiajJbHOI TOYKH
OyHIaMEHTOM KJIaCHMYHOI TUHAMIKU € Ipyruil 3akoH HploToHa, sKMii Ha3WMBalOThb OCHOBHUM
3aKOHOM JAMHaMiku. Haranmaemo, mo maremMatudHa ¢opma 3amucy IbOro 3aKOHY JUIsl MaTepialabHOT
TOYKH JTA€THCS PIBHSHHSIM:

dimv) =
2 _F,
dt
Je: M - Maca TOYKH; U - IBHWAKICTh TOUKH; F - piBHOAITOYA BCIX CHJI, MPUKIIAIEHUX 10
TOYKH.

B Tux BuUmagkax, KoJu MOKHa MPUHHATA YMOBY IPO CTaJiCTh MacH, OCHOBHE JU(epeHIiabHe
PIBHAHHA JUHAMIKU TOYKH HAOyBa€e BUTIISAY:

—

m(:;—l:=E, abo mVV=E (1.1)



(W - abGconoTHE TPUCKOPEHHS TOYKH).

3.2.1. IudepenuianbHi pIBHAHHS PyXy MaTepiaJibHOI TOUKH
Sk BiIOMO, MOJOXEHHS MaTepiaibHOT TOYKU B 1HEpIiadbHIN cHCcTeMi BiIUTIKY BUSHAYAETHCS il

paniycoMm-BekTopoM I . Cuma F , 1o Jie Ha TOYKY, MOXKE 3aJIe)KaTH BiJ] MOJOXKEHHS TOYKH, TOOTO BiJ
. - : . — dr
pamiyca-BekTopa I (HampuKIad, CUIa TSHKIHHS), IIBHIKOCTI D = E TOYKH (HAMPHUKIAJI, CHJIa OTIOPY)

i ygacy t. Omxe, B 3aralbHOMY BHUIIaJKy OCHOBHE nudepenuianbue piBHAHHS (1.1) MokHa 3amucaTtu B
Takiu dhopmi:
47 -
m—-=F(r,u,t). (1.2)
dt

Lle piBHSHHS Ha3UBAETbCA OuUPEPEHYIANIbHUM DPIBHAHHAM PYXYy MamMepianbHoi Mouku )
8eKMOPHIll (hopMmi.

HudepenuianbHe piBHIHHSA Y BEKTOPHINH (OpMi €KBIBAJICHTHE IEBHINH CHCTEMI CKaJSIPHUX
(anreOpaiunux) piBHAHB. B 3anexxHocTi Bin BHOOpPY KOOPIMHATHHUX OCEH, HA SKI MPOEKTYETHCS
ocHOBHE piBHSHHS auHamiku (1.1), oTpuUMyIOTH pi3HI POPMH CKATAPHUX IU(PEPEHIIAIbHUX PiBHSIHb
PYXy MarepiaabHOi TOYKH.

Tak, sxmo crnpoektyBatu piBHsAHHA (1.2) Ha koopauHatHi oci X, Y,Z JOeKapTOBOi HEPYXOMOI
CHCTEMH KOOPIHMHAT, TO OyJIeMO MaTu:

2
md—;( =F (x,0,,1);

dt

2

d
mF= Fy(y,l)y,t); (13)

d’z
mF= FZ(Z’Uz’t)'

V cnpoeHiii ¢popmi 3anucy L cucTeMa piBHSHb Ha0YBa€ BUIIIAY:
mX=F,;

my=F,; (1.4)
mZ=F,.

<Y




[Tpy BUKOPUCTOBYBAaHHI MPUPOIHOI CUCTEMHU KOOPAMHAT Ul OMHUCY PYXy MarepiajibHOI TOUKH
MOTPIOHO CIPOEKTYBaTH OCHOBHE nuepeHIiasbHe piBHSAHHSA auHaMiku (1.2) Ha oci TmpUPOIHOTO
TpurpanHuka (puc.l.1); B pe3ynpTaTi OTpUMAEMO CITiBBITHOLICHHS:

mW.=F, mW=F, mW=F, (1.5)
ne F_,F ,F, - npoexuii piBHOxif09OT CHIT Ha TOTHYHY, FOIOBHY HOPMAaJlb i GiHOPMAIIb.
Sxuto 3ragary Bigowmi 3 kinemaruku Bupasu mus npoekuin W_,\W_,W, mosroro npuckopenss

TOYKH Ha TI XK HarpsamMu, TO OTPUMAEMO:

2 2 ]
m?jj:FT, m‘i—? -F, 0=F,
abo P , > (1.6)
W _E, m% —F, 0=F
dt P J

B nux piBHsAHHSAX S - AyroBa KOOpAMHATA (3aKOH PyXy TOUKH B3/I0BXK TPAEKTOPIi); p - pajiyc
KPUBHU3HHU B MIOTOYHIN TOYIl TPAEKTOPIi.

OCHOBHMI 3aKOH JWHAMIKHA 1, BIAMOBIJIHO, HOTO0 MaTeMaTUYHI BUpPa3W, HaBEICHI BUIIE,
chopMynbOBaHi Ui BUIBHOT MaTepiajdbHOI TOUKH. SIKIIIO0 HAa TOUKY HAKJIAJEHO MEeBHI B’ 31, TOOTO BOHA
€ HEBUIBHOIO, TO Ha ITi/ICTaBl MPUHIIMITY 3BUIbHEHHS B/l B’s13€i 10 3a1aHUX (AaKTUBHHX) CHJI, IO JIFOThH
Ha TOYKY, MOTPIOHO JOJATH BIAMOBIMHI CHJIM peakiii 1 po3risaaTd MaTepialdbHy TOUYKY SIK BUIBHY.
Toxi ocHOBHE piBHSHHS TUHAMIKH Oyae MaTH BUTIIS;

mW=F+R, (L.7)

a anreOpaiuHi qudepeHiianbHl pIBHAHHSA PyXy TOYKU B MPOEKIIISIX HA OCl IEKApTOBOi CUCTEMHU

KOOP/MHAT 1 Ha OCi MPUPOIHOTO TPUTPAHHHUKA HAOEPYTh TaKOi (OPMHU:

mx=F +R, my=F +R, mi=F +R,. (1.8)
1
2
m_F iR, mZ=F+R, 0=F+R 19)
dt P

B nux piBHaHHAX R - piBHOAiroua peakuii B’s3eil; R, Ry, R,, R, R,, R, - cknanosi peakmii

B s3€i.

JIBi 3a1a4i AMHAMIKHM MaTepiajibHOI TOYKH

3a gonoMororo auepeHialbHUX PIBHAHb PyXY MaTepiajibHOI TOUKU PO3B’SI3yIOTh /1Bl OCHOBHI
3aJ1a4l TMHAMIKH, IIPO SIK1 3rajyBajioch y MyHKTI 1.1. Po3risiHeMo anroputMu (METOAUKY) PO3B’sI3aHHS
LUX 3aj1a4.

Ilepma (npsima) 3a1a4ya TUHAMIKH TOYKH

B 3anmauax miei xateropii 3aJaHi 3aKOH pyxy TOUYkH 1 ii Maca. [ToTpiOHO 3HalTH pPIBHOAIIOUY
CHJI, sIKa OOYMOBIIIOE 3a/laHUil pyX. MeToauKa po3B’sS3aHHS TOJSATAaE y HACTYITHOMY: 3aKOH PyXy
MiJCTaBIAIOTh B Audepeniianpae piBHAHHS (1.4) a6o B (1.6) (B 3a1eXHOCTI BiJl cmocoOy 3aBAaHHA
pyxy) 1 mudepeHmiroBaHHIM (YHKIIH, SKUMH 3aJaHO 3aKOH PyXY, BH3HA4YalOTh MPOEKIl NIyKaHOT
PIBHOJII0YOT CHJI.

[Mpuxnaz 1

MarepianpbHa TOYKa Macol0 M pyxaerbcss B IwiommHi  XOY 3riHO 3 3aKOHOM
X=at, y=Dbt—ct®.3maiiTn cuny, mix xiero sKoi BigOyBaeThCA el pyX.

B panomy BHmagky pyx 3aJaHO B JEKapTOBUX KOOpAWHATAX. ToMy Il pO3B’SI3aHHA
BUKOPHUCTOBYEMO cUcTeMy piBHAHB (1.4). 3HaxoauMo:

x=0 i F,=0, y=-2CiF,=-2mC.

X
Taxkum 4rHOM, 3’SICOBY€EMO, 110 HA TOUKY JIi€ CTajla CHJIa, mapajieiabHa OcCi ) 1 MPOTHIIeKHA T
3a HampsIMOM.

[puknan 2



MarepianpHa TOYKa Macd M pyXaeTbcs MO KONy paiiyca I 3rimHo 3 3akoHOM S =at+Db.
BuznauuTtu cuity, mia gi€ro sSKoi BiIOyBa€eThCS TaKWW PyX. 3aKOH 3aJaHO B HATypajbHIA (Hopmi, TOMY
IUIs1 pO3B’sI3aHHS 3a/1a41l BUKOPUCTOBYEMO udepenianbae piBHAHHSA (1.6). 3Haxoaumo:

2 2
gg:u:a;9§:m4=0meFa=Oiﬁ=ma.
dt dt r

[TpuxoaMMo 10 BUCHOBKY, IIIO 33IaHUI PyX MaTepiajJbHOI TOYKH BiAOYBA€THCS i €0 CHIIH,
CTaJIOIO 32 BEJIMYMHOIO 1 HAIIPSIMIICHOIO 32 PaJlyCcoOM KoJia JI0 HOTo LEHTpa.

Jpyra (o0epHeHa) 3aga4ya TMHAMIKHA TOYKH

B 3amavax Takoro Tuiy BiZoMi CHIIH, SIKI JIIOTh Ha MaTepiajbHy TOYKY, il Maca i MOYaTKOBi
yMoBHU. OCTaHHI BU3HAYAIOTh ITOJIOKEHHSI TOYKH 1 1i IBUIKICTh B IIEBHUH MOMEHT 4acy, IPUUHATHH 32
noyaTkoBui. [ToTpiOHO 3HANTH KiHEMATHYHI XapaKTEPUCTUKH PYXY TOUKH (3aKOH PyXY, HIBHIKICTH 1
1HKOJIM TIPUCKOPEHHS ).

Po3B’s13aHHs Apyroi 3ajadi 3BOAMTHCS A0 IHTETPYBaHHS CHUCTEM IU(EpeHIiaIbHUX PIBHSIHD
(1.4) a6o (1.6) nmpu 3a1aHUX TTOYATKOBUX YMOBaX.

PosrnsinemMo 6inbII feTanbHile 0COOIMBOCTI pO3B’I3aHHA JPYroi 3a1avi THHAMIKH TOUKH IPH
YMOBI 1i mpsiMoJTiHiiHOTO pyXy. [IpuuomMy KoopaMHATHY BICh X Y BCIX BHITaJKax OyIeMO CyMillIaTH 3

HAIIPAMOM HPSAMOT, B3I0BXK AKOI BisOyBaeThes pyx. Toni Bextop cumu F | mo mie Ha Touky, mosHicTiO

BH3HAYAETHCS HOTO €IMHOIO MPOCKITIEI0 FX .

Bunainumo 3 yciel pi3HOMaHITHOCTI CHJI TaKi, IO €: a)CTaJuMH, 0) 3aJe)KHUMHU TUTBKU BiJ Yacy,
B) 3QJIC)KHUMHU BiJI MTOJIOKEHHS (KOOPIMHATH) TOUKH, T) 3QJICKHUMH TUTBKU Bl IIBUIKOCTI TOYKH.

a. I1pssMoniHIAHMHE PYyX TOYKH ITiA JI€I0 CTAJ0I CHIIM E;
JudepeniianbHe piBHSIHHS B I[bOMY BUIIAJKY M€ BUTIIS:
mX = F, = const

3BIAKIIISA:
dx do, F F
P _2% T dp, =24t
dt dt m m
[Ticnst iHTErpyBaHHS OTPUMAEMO:
F
v, =—t+¢C, .
m
. : dx
ITicis Apyroro iHTErpyBaHHs 3 ypaXyBaHHAM TOTO, IO U, = E, OyzneMo MaTH:

F
X=—21>+ct+c,.
2m

0. ITpssMOIIHIMHUN pyX MaTeplaIbHOI TOYKHM ITi1 NIEI0 CUJIIN, 110 3AJIEKUTH TIIbKH BLI Yacy.
Buxigne nudepeHiianbHe piBHIHHS:
mX = F, (t)

3 HBOTO BUXOJHNTD:

*_do B gy = LE et
dt dt m m

[Ticnst iHTErpYyBaHHS OTPUMAEMO:
1
v, ==[F()dt+c,
m
a Micys TOBTOPHOT'O IHTErPYBAaHHS OTPUMAEMO:
1
x:-j@ﬁamom+q+%.
m

6. llpsIMONIHIMHHUNA pyX MaTepiaJibHOI TOYKM MUT JICK CHIM, IO 3aJIEKUTh TUIBKH Bifn
MOJ0KEHHS TOUKH.
Skwmo ypaxysaru, 1o :




_d_zx_%_d)‘(-dx_u do, (1.10
dt?  dt dt-dx * dx | )

TO BUXigHE MUQEpeHITiabHE PIBHIHHS PYXY 3alIUCY€EThCS Y Takiil opmi:

v, -do, =lFX(X)dX.
m

[Ticns iHTErpyBaHHS 3HAWIEMO:
2
?==[F,(xdx+c,
m

3BIJIKHU:

dx

:i\/E'J‘FXdX-FCl idt=+
m JZ

mJ.FX-dx+c1.

HOBTopHe IHTEeTrpyBaHHSA Jae€:

dx

J IF(x)dx+c

To6ro t =D(x,¢;,¢,).

Po3B’spkeMo ocTaHHE PIBHSHHS BIIHOCHO X 1 3HAlAEMO 3aKOH PyXy TOYKH B 3aJI€KHOCTI BiJ
yacy .

2. [IpsAMoiHIMHUNA pYX TOYKH I €K CHIIA, SIKA 3aJIKUTh TUIBKH BUI IIBUAKOCTI I1i€] TOYKH.

[Ipu po3B’s13aHHI 3a7a41 BAHUKAIOTH JBa BapiaHTH.

[eprumii BapianT. YM0Ba 3aj1a4i 103BOJIsIE€ BU3HAYUTH IIBHJIKICTD SIK (PYHKIIIO Yacy.

du , do

F(v,) i =—dt. Ilicns inrerpyBanns

d F(v,) m

+C, .

Tomi MX=F(v,) a6o

OTPUMYEMO:

do,
tzmq
F ()
SIK1110 3 OCTaHHBOT'O PIBHSAHHS MOKHA BU3HAYUTH MIBUAKICTh K (QYHKIIIO BiJ 4acy, TOOTO:

dx
= = t ,

TO MICJIS IHTETPYBaHHsI LIbOTO BUpa3y MaeMo:

X = jgo(t)dt +c,.

Hpyruii BapianT. IIpy HEMOXJIMBOCTI BU3HAUUTH MIBUJAKICTH SIK (DYHKIIIO 4Yacy, 3aIUCYEMO
BUX1/IHE u(epeHIialibHe PIBHAHHS Y Takiid (opMi (JUBUCH IYHKT «BY»):

+C,).

mo, =F ().

. vdo, v, do,
Toxi M =dXxiX= mj +C,.

F () F ()
3 OCTaHHBOTO CIIBBIAHOWICHHS BU3HAYAEMO: U, :E = @(X,C,) . Iterpyemo i orpumyemo:
dx
= e
P(X,C,)

3BIIKM BU3HAYA€MO X K QYHKIIitO Bif t.

ITuTaHHga 111 CAMOKOHTPOJIIO
1. SIki 3akonn HproTOHA JIEKATH B OCHOBI JUHAMIKU?



2. HaBenite mpukiagu cui, IO JiIOTh HAa MaTepialbHy TOYKY, AKi €: a) crajnumu; O)
3aJIEKHUMH BiJ 4acy; B) 3aJICKHUMHU BiJl IIBUIKOCTI; T') 3AJICKHUMH B1J IOJOKEHHS I1€1 TOYKH.

3. Hanumrite nudepeHmianbHi piBHAHHSA PyXy MaTepialbHOI TOYKH B MPOEKLIAX Ha OCi
HEPYXOMO] IeKapTOBOi CUCTEMH KOOPJMHAT 1 Ha OC1 MPUPOTHOTO TPUTPAHHHUKA.

4. SIka pizHUI MK AudepeHniaJIbHUM PIBHSHHSAM PyXy BUIBHOI 1 HEBUIbHOI MaTepianbHOT
TOYKH?

5. VY domy mossrae cyTh mpsMoi Ta 00epHEHOT 3a1a4i TUHAMIKH?

6. Sk BU3HAUAIOTHCS CTall IHTETPYBaHHS INPU PO3B’s3aHHI MUdEpEHIiaTbHAX DPIBHSHD
pyXy TOUKH?

Jlekmis 11.

Tema: Pyx matepiaabHoi Touku. [Ipunmun a'Asnamoepa

MopnentoBaHHS pEeaTbHOTO TiJia SIK MaTepiadbHOI TOYKK Ma€ MEeBHI OOMEKEHHS (11 Ti BUTIA/IKH,
KOJIM PO3MipaMH TUI 3TiTHO 3 YMOBOIO 3a7ad4i MOXKHa 3HexTyBaTH). [IpoTe dacTto peanbHUl 00’€KT
HEOOXITHO PO3IIISIIATH B SKOCTI MEXaHIYHOI CHCTEeMH, TOOTO CYKYMHOCTI MarepialbHUX TOYOK abo
TUI, B SKIH TOJIOKEHHS 1 PyX KOXHOI TOYKHM (Tija) 3aJICKUTh Bij MOJOXKEHHS 1 pyXy BCiX iHmmMX. Ls
3aJISKHICTh 00YMOBJIEHA CHIJIOBOIO B3a€MOJIIEI0 MIXK OKPEMHUMH €JIEMEHTaMHU MEXaHIYHOI CHCTEMH.

B kxypci cTaTuky MU MOAUIAIN BCl CHIIM, MPUKIAACHI JO TBEPJOrO Tila YU CHUCTEMH Til, Ha
aKTHBHI 1 peakuii B’sa3ei, po3yMilOUH i NepIIMMHU CHJIH, IO HE 3alieXaTh Bix B’s3ei. Tam ke Oyio
MOKAa3aHo, 110 CHUJIM MOKHA TaKOX MOUINTH Ha 30BHIIIHI 1 BHYTPIIIHI.

Haragaemo me pa3 BU3HA4YeHHS 30BHIMIHIX 1 BHYTPIIIHIX CHJI. 30BHIIIHIMU HAa3UBAIOTh CHJIH,
SKl € pe3yapTaToM il Ha TOYKH (TLIa) JaHOI MEXaHIYHOi CUCTeMH 3 OOKy TN, IO HE BXOAATH IO
ckiany 1iei cucremu. Cuiii B3a€MOZIl MXK MaTepialbHUMU TOYKAMU YM TUIAMH CUCTEMH HA3UBAIOThH
BHyTpimHiMu. [103HAYAIOTLCA 3OBHINIHI CHIM BEPXHIM iHAeKcoM €', a BHYTpIlIHI — BEpXHIM
inmexcom "I" (Bim mouatkoBuX miTep (paHIy3BKHX CIiB eXerieur — sosmimmii i interieur —
BHYTpIIIHI):

F - sopmimms cuna, F - BHYTPILIHS CHJIA.

BracTuBOCTI BHYTpINIHIX CHJ BUXOIATH 3 TPEThOro 3akoHy HBIOTOHA 1 3BOMSTHCS I
HACTYITHOTO:

Teomempuyni cymu 6cix GHYMPIWHIX CUT MeXaAHIYHOI cucmemu 1 iX MOMEHmMI8 BGIOHOCHO
008IIbHO20 YeHmpa NPocmopy O0PIGHIOIOMb HYI0 npu 0Y0b-aKoMy cmari cucmemu. Toomo:

YR =0 YxF =M (F)=0, =
1 1 1

PiBHICTBH HYJIO TOJIOBHOI'O BEKTOPA 1 TOJIOBHOI'O MOMEHTA BHYTPIIIHIX CHJI 30BCIM HE O3HAUaE,
o i cuiau 3piBHOBaXkeHi. CiliJl mam’ATaT, 10 BHYTPILIHI CHUJIM MPHUKJIAAEHI A0 PI3HUX TUI JAaHOI
MaTepiajibHOi CHUCTEMH, SIK1 B 3arallbHOMY BUIIA/IKy MOXYTh IEpEMIIlyBaTUCh OJIHE BITHOCHO JAPYIOro.
[Ipuknanom moxe 6ytn CoHs'UHA cuUCTeMa, IUIAHETH SKOI 1 IX CYNyTHHUKH 3/1MCHIOIOTh CKIIaJHI pyXU
MiJ] 11€F0 TITBbKU BHYTPIIIHIX CHIIL.

3.3.2. Maca i neHTp Mac CHCTeMH
MexaHiuHa cucTeMa SIK 00’ €KT JTOCIIPKEHHS XapaKTepU3y€eThCS CBOEI0 MACOI0 1 IIEHTPOM Mac.
Macor cuctemu, 110 CKIaIaeThCs 3 «Ny» MaTepialbHUX TOYOK, HA3UBAETHCS BeNMWYnMHa M, sKa
JIOPIBHIOE CyM1 MacC yCiX TOYOK:

M :zn:mk (k=1,n). (1.2)
1

[lenTpom Mac (LeHTpOM iHepllii) MaTepiaJbHOI CUCTEMU Ha3UBAEThCs reoMeTpuyHa Touka C,

paziyc-BekTop I, SIKOi BU3HAYAETHCS PIBHAHHAM:
n —
i ka I 1.3)
S

r = ,
M

ne: I - pamalyc-BeKTop K -i TOYKH, M, - Maca I1€1 TOYKH.



Y

Puc.1.1

KoopauHaTi 1IeHTpa Mac B ICKapTOBiil cucTeMi BiUTiKy 10piBHIOIOTH (prc.1.1):

n
> m X,
1 .

X, = ,
M
c M !
> m, -z,
7, =—4——.
‘ M

B mux popmymnax X, Y, , Z, - KoopauHaTH k-1 Toukm.

[Ipu HenmepepBHOMY PO3MOAUTY Mac B MEXaHIYHIM CHCTEMI, HAalpUKiIaa, KOJIU CUCTEMA SIBIISIE
co0010 CyIiIbHE TBEpAE TUI0, CyMH, 110 CTOATH y MpaBux yactuHax Gopmyn (1.3) i (1.4), nepexonsats
y BIJTIOBIIHI IHTETPAJIH.

MomeHnTH iHepuii

[Tpu nocnigkeHH] pyXiB MEXaHIYHOI CHCTEMU HEJOCTaTHHO 3HATH ii Macy 1 OJOKEHHS [IEHTpa
Mac. Jlisi XapakTepUCTUKH PO3MOJAUTY Mac B CHCTEMaxX, €JEMEHTH SKuUX OepyThb y4dacTh B
o0epTanbHOMY pyci, BBOASATH MOHATTS MOMEHTa iHepilii. Po3pi3HAIOTH MOMEHTH iHEpIli BIAHOCHO
JOBUTBHOTO TIEHTpa (nonspHull Momenm inepyii), BITHOCHO OcCi (ocvbosuii momenm inepyii), BIAHOCHO
TUIONIUHHY (nIaHApHUL MOMEHM iHepyil), a TAKOXK 8i0YeHmposi MOMEHTH 1HEPILii.

Ilonsapnum MOMEHTOM I1HEpIli MEXaHIYHOI CHUCTEMH, IO CKIIAA€Thes 3 «N» MaTepialibHUX
TOYOK, BIJITHOCHO AESIKOTO IeHTpa O HAa3UBAETHCS cymMa JOOYTKIB Mac TOUOK CHCTEMHU Ha KBaJpaTH ix
BiZiIcTaHel Bix 1bOT0 HeHTpa (prc.1.2):

h=3m, L2 (k=Ln) s
1



7 MomMeHTOM iHepIii CHCTEMH BiJHOCHO
A JOBLTBLHOT oci (Hampukian, oci Oz pwuc.3.14)
HAa3UBAIOTh CyMY JOOYTKIB Mac KOXKHOI TOYKH
CHCTEMH Ha KBaJpaTH iX BiJICTAaHEH 0 Ii€T OCi:

lp, =2 m, - h’. 1.6) (
1

hk
m, Jnst cynmuibHUX TBEpAMX TUT (POPMYIIH
I : (1.5) 1 (1.6) mabyBaroth, Puc. 1.2
| BIJIMOBIJTHO, BUTJISTY:
O : >
2R
yk _ly// Xk
X
1, =[1%dm, 1y, = [h*dm. (L.7)

Paoiyc inepyii. B TexHiui Ayxe dYacTo I BU3HAUEHHS MOMEHTa iHepIii aeraneit (Tin)
CKJIaHOI ()OPMH KOPHCTYIOTHCS TIOHATTSIM pajiiyca iHepIiii X TiJI.

Paniycom iHeprii Tina BiAHOCHO AaHOI OCi Ha3MBAIOTh BIJICTaHb L BiX OCI 10 TaKOi TOYKH, B
AKii MOTpiOHO 30CepenTH Macy BChOTO Tija, MO0 MOMEHT iHepIii OAHi€l i€l TOYKU TOpiBHIOBAB
MOMEHTY 1Hepllii Tija BIIHOCHO Ti€T 3 Oci:

| = |\/|p2, (1.8)

3BIIKIIA:

= |— 1.9
P v (1.9)

Ilnanapnum MOMEHTOM 1HEPIIl Ha3UBAIOTh CKAIAPHY BEIMUYMHY, SIKa JOPIBHIOE CyMi JOOYTKIB
MacH KOXKHOT TOUKH CUCTEMH Ha KBaJpaT BiJICTaHI 1i€i TOYKH 10 MIEBHOI IUIOIIUHH.

Tak, KoM MaTepiajibHa CHCTEMa PO3IIISIAEThCs B AEKAPTOBIN cucTeMi koopauHar (puc.l1.2), To
ii MmomenTn inepuii Bimnocno wiomun XOY, YOz i XOz signosiano Gyayts mopiBHIOBaTH:

n n n
_ 2 _ 2 _ 2 (1.10
IxOy_ka'Zk ' IyOz—ka‘Xk ! leZ—ka‘yk )
1 1 1

KpiM ocboBUX 1 MOJSIPHUX MOMEHTIB 1HEpILii, MpU PO3B’A3aHHI JEAKUX 3a7ad JUHAMIKH
(Hanpukiaza, B Teopii 3piIBHOBAXKYBAHHS POTOPIB) KOPUCTYIOTHCS GIOYEHMPOBUMU MOMEHMAMU IHepYii
(BMI).

BiamenTpoBUM MOMEHTOM 1HEpIli MEXaHIYHOI CUCTEMU HAa3WBAaIOTh BEJIMUMHY, SIKA JIOPIBHIOE
cyMi 100yTKIB Macu KO>KHOI TOUKH CHCTEMH Ha JIBi il KOOpAWHATH, TOOTO:

| =N Cp =N R (1.11
yz_zmkykzk’ XZ—kaXka, xy_zmkxkyk )
1 1 1

BinmeHTpoBI MOMEHTH 1HEpIIii 3aJexaTh HE TUIBKH Bijl HANpsMy KOOPJAWHATHHX OCEH, a 1 BiA
BUOOpY MMoYaTKy KoopAuHat. ToMy, KOJU 11e MOBa MO BIALIEHTPOBHI MOMEHT 1HepIIii y MeBHii Toulll,
TO MiJT ITUM PO3yMIIOTh, 1[0 MMOYATOK KOOPJMHAT CIIBIIAAE 3 €0 TOUYKOIO.

Ha BigmiHy BiJl OChOBHUX, BIJIIIEHTPOBI MOMEHTHU 1HEPIIT MOKYTh OYTH JOJTaTHUMH BiJl’€MHUMHU
a00 TepeTBOPIOBATHCH HA HYIIb.

Sxmo nBa BMI, 1o MicTaTh y CBOiX 1HJIEKCaX 3HaK MEBHOI KOOPJAWHATHOI OCi, JOPIBHIOIOTH
HYJIIO, TO ISl BIChb HA3UBAETHCS 20I06HOI0 GIiCCIO iHepyii MEXaHIYHOI CUCTeMH abo Tijia B JaHid TOYIII.

Hanpuknan, skuo |XZ = |yz =0, To Bich Z € ronOBHOI Biccro iHepmii. SIKIO 10 TOro LA Bich

MIPOXO/NUTH Yepe3 IEHTP Mac Tiia (CHCTEeMH), TO BOHA HA3UBAETHCS 20J08HOI0 YEHMPANbHOKW BICCIO
iHepii.

Crizt BIIMITHTH JIBa YACTUHHUX BUIIAJKH, KOJIU 3pa3y MOKHA BU3HAYUTH XapaKTep OCi:

1. SIKmo TiO Mae IUIONIMHY MarepiajbHOI CHMeTpii, TO Ui BciX ii TOYOK BICH,
MePIEHIUKYISIPHA IO TUIOIIIMHU CUMETPIi, € TOJIOBHOIO BICCIO 1HEPITi.



2. Sxmo Tino (MmarepianbHa CUCTeMa) Mae BiCh MaTepianbHOI CHMETpii, TO I BiCh €
TOJIOBHOIO IIEHTPAIBHOIO BICCIO 1HEPIIII, 1 11 4acTO HA3UBAIOTh BICCIO OUHAMIUHOI cumempii.

Teopema I'oiirenca

MowmeHTH 1HepIIii JaHOTO TiJIa BIIHOCHO PI3HUX OCei OyayTh MaTH Pi3HI 3HAYCHHS. 3aJICKHICTh
MK MOMEHTaMH 1HEpLii Tila BITHOCHO JABOX MapajelbHUX Oceil BU3HaYaeThes Teopemoro [ roiirenca:

Momenm iHepyii MexaHiuHoi cucmemu (meepooco mina) 6i0OHOCHO 0YOb-5KO0I 0Ci 00PIBHIOE CYyMI
MOMeHma iHepyii 8iIOHOCHO OCI, WO NPOXOOuUms uepes YeHmp mac yiei cucmemu (mina) napaieibHo
Oanitl, i 000YmMKy Macu cucmemu Ha K8AOpam GiOCMAHI MidiC YUMU OCAMU.

IpurycTumo, mo Bizomuii MOMeHT iHepuii Tima BimHocHO oci CZ_, sika mpoxomuts uepes
neatp mac C rtima. BusHauuMo MomeHT iHepuii mporo Tina BimHocHo oci OZ, nposenenoi
napanensro 10 CZ, na Bincrani «d» Bin mei (puc.3.15). O6epemo noBinbHy TouKy K Tina macoro M, ,
sika BicToiTs Bix wenrtpansHoi oci CZ, na Bincrani AK = hKC i Ha Bigcrani BK = hK - Big oci
Oz.

Vreopenuit Tpukyrauk ABK 3 kyrom
Zc A A ‘ ZBAK =, O0yne napanembHuM IUIOLIHHI
X.Cy (a takox XOY).

3 TPUKYTHHKA 3a TCOPEMOIO KOCI/IHYCiB

OTPUMAEMO:
2 2 2
hy =h. +d°—2h. -d-cose, o
MHOXHUMO KOXKHHUHI YJICH Ob0ro

criBBignomenns Ha macy K —i Toukm m, 1
MIPOCYMYEMO 0 BCiX TOYKAX Tijia:

n n n n
D> mhi => mhic+> md?-2d> mh
Puc. 1.3 1 1 1 1
OCKUIBKH:

> me-hZ=1, >m hl=l, > m-d*=M-d?ihg-cose =Y,. 1o
1 1 1
|, =1, +Md*-2d> my,.

1

n
Ane Z m,Y, =M -y, =0, 6o B Hamomy Bunazxy koopaunara nenrpa mac tina Y. =0.
1

TakuMm YHHOM, KIHIIEBO MAaEMO:
_ 2 (112
|, =1, +Md?,
10 1 TOTPiOHO OYIIO TOBECTH.
O0unc/IeHHs1 0CLOBHX MOMEHTIB iHepuil AesKHX OAHOPIAHMUX Tisx
1. Tonkuii 0OHopionuii cmepacerv doeacunoio | i macoo M .
[TizpaxyeMo MOMEHT iHepIii cTepKHs BiqHOCHO oci AZ, M0 npoxoauTs 4epes Horo Kinemp A

HEePIEHAUKYIISPHO 10 oci crepxkHs. Koopaunathy Bick AX manpasnsemo B3nosx AB (puc.a).
OCKilbKH CTepsKeHb OJHOPIMHHI, TO Maca eIeMEHTapHOTO Biipiska moxkuHoro OX, sxuit

. o M
3HAXOIMUTHCS Ha BiacTani X Bimoci AZ, dm=—dx.

Togni 3riguo 3 popmyoro (3.50:



Y
>

Puc. a

2. Tonke oonopioune xinoye macu M i padiyca R.

Bu3HaunMO MOMEHT iHepuii kinbus BignocHo oci CZ | mo npoxoauts yepes ioro uenrp mac C
MEePIEHIUKYISIPHO J0 TIOMIMHM Kb (pHC. 6). Tak sk BC1 €JIeMEHTapHI MacH KIJIbIl 3HAXOIATHCS Ha
oxuakoBiii Bigcradi R Big oci Cz, To:

Iczzzn:mk-RZ:(Zn:mk)-RZ:M -R?.
1 1

z A
|
|

R
Puc. 6

3. Kpyana oonopiona nnacmuna wu yuninop paoiyca R i macu M.
IlizpaxyeMo MOMeHT iHepuii kpyrioi mmactuau BigHocHo oci CZ, mepnenaukynspHoi 1o
mnacTury (pHc. ¢). Ilnoma enemenTapHOTO Kinbla pagiyca I i mupunoro dr mopismroe 271 - dr .

M

R2

Maca oauHuUII 0L . Toxi maca enemenTapHoro ximbia dm = 2—2 rdr, a moment inepmii

T
di,, =r?-dm= 2M2r3dr.
R

Jlns BCi€l mIacTUHY :

R
le, =2M2jr3dr=1MR2.
R?Y 2

MomeHT 1Hepii |CZ JUISL OJTHOPIAHOTO KPYTJIOTO IUJIiHApa Macow M 1 paaiycoM R BigHOCHO
HOT0 MO3/I0BKHBOT IIEHTPATBLHOI OC1 (pHUC. 2) Oy/e BU3HAYATHUCS TaKOIO XK (HOPMYIIOH0.

Puc. 6 Puc. 2

3.3.4. Inepenuianbui piBHSIHHSA pyXy Mexaki
PosrisiHemMo MexaHIUHY CUCTEMY, IO CKIAIA€ThCs 3 «N» MATEpialbHUX TOYOK. Bukopucraemo
MIPUHITMIT 3BUIBHEHHS B B’s3€il 1 3aMiHUMO B’s31 iX peakuisiMu. Bci cuiu, mo Iif0Th Ha CHUCTEMY,

HOJIITMMO Ha 30BHilIHI 1 BHyTpimHi. Toxi 11 noBinkHOi ToukH K cuctemu macoro M, Ha mijcTaBi
OCHOBHOT'O 3aKOHY JINHAMIKH OTPUMA€EMO:



= (1.13
mW, =F¢+F/, )
e i . . . . . .o
ne k., F, - piBHOmit0oui 30BHIMHIX cuut, sIKi Aif0TH Ha K - Ty TOUKY.
AHAJIOTIYHOTO BUIY PIBHSHHS OTPUMAEMO 1 Ui Oyab-5KO1 TOYKM cUCTeMHU. TOOTO BChOTO ISt

3ajaHoi cucTeMu Oynemo Matu N Takux piBaaas (K =1,N).

Taka cuctema piBHSAHBb 1 € AuQEpeHLiaTbHUMU DPIBHAHHSAMH PyXy MEXaHIYHOI CHUCTEMH Y
BEKTOPHIH opmi.

Sxmo crnpoektyBatu N piBHSAHB (3.56) Ha oci 00paHOi CHCTEMH KOOPIHMHAT, TO OTPUMAEMO
cucteMy anredpaiunux audepeHIliaIbHuX PIBHIHb PYXY CUCTEMH B MPOEKIIISAX HA OCI.

Hanpuknaz, IIpyd BUKOPUCTaHHI aekapToBoi cuctemu koopaunat OXYZ Gynemo matu 3n

CKJIIPHUX PIBHSHB Bpmy'

MW, =F +F
mW, =F; +FR.:t (k=1n) ) (1.14
mkaz = ki +

Sk MokHa OauuTH, JJI BU3HAUCHHS PYyXY MEXaHIYHOI CHCTEMH 3a 3aJlaHUMH CHIIAMH 1
MOYaTKOBHMH yMOBaMH HEOOXiTHO MpPOIHTErpyBaTu cucteMy 3 3N nudepeHIiaibHuX piBHSIHB. Lo
3ajauy HE 3aBXJIM MOXKHA PO3B’S3aTH TOYHO HABITH JUIsl OJHIET TOUYKH. BOHA BHUKIIOYHO CKIIaJHA Y
BUIMAJIKY ABOX MaTepiajJbHUX TOYOK, IO PYXaIOTHCS MiJ TI€I0 CHII B3a€MO/IIT 32 3aKOHOM BCECBITHHOTO
TSDKIHHS, 1 30BCIM HE MOXKe OYTH pO3B’s3aHa MPU B3a€MO/IIi TPHOX TOUOK.

Iakonu 3 mudepenmiansHux piBHAHBb (1.14) MOXHa OTpUMaTH TakK 3BaHI MEPIIi iHTETrpau,
TOOTO CIIBBIAHOUICHHS, A0 SIKUX HE BXOATH MOXIiJHI APYroro MopsKy BiJ KOOpauHAT 3a 4acoM. [lo
TaKUX TMEPIIMX IHTETPATIB BIIHOCATHCS 3aKOHHM 30€peKEHHS MEXaHIYHOTO PyXy 1 3arajibHI TeopeMu
JMHAMIKA CUCTEMHU MaTepiajbHUX TOUOK.

3aBASKU BIPOBADKEHHIO CIICIIaTbHIUX CYMAapHHUX XapaKTePUCTHK PYyXy BCi€l cUCTeMH B
LIJIOMY, SIKi MalOTh HAOYHUH (I3UYHUI 3MICT, 3arajibHi TEOPEeMHU AUHAMIKU € e(DEeKTHBHUM arapaToM
MEXaHIKH 1 IAPOKO BUKOPUCTOBYIOTHCS B IH)KCHEPHHUX PO3paxyHKax.

[Tpy ubOoMy HEOOXigHO MaM’sATaTH, M0 Y MaTeMaTU4YHI BUpa3d IIMX TEOpEM, a TaKOXK 0
dbopmyn, 1O € BUCHOBKAMHU 3 3arajbHUX TEOPEM, BXOMSTh AOCONIOMHI WEUOKOCMI 1 aOCOnOMHI
NPUCKOPEHHSL.

3arajbHi TeopeMHu JUHAMIKH

KiabkicTb pyxy i TeopeMu npo 3mMiHy KiJILKOCTi pyXy MaTepiaJbHOI TOUKH i cHCTeMH

OpHi€r0 3 Mip MEXaHIYHOTO PyXy MaTepiajibHUX 00’ €KTIB € KUIBKICTB iX pyXY, 00 iMITyJbC.

KinpkicTio pyxy (IMIIyJIbcOM) MaTepiajdbHOI TOYKM HA3MBAEThCS BEKTOpHA BEJIMYMHA, SKa
JOPIBHIOE JOOYTKY Macl TOUYKH Ha BEKTOD ii MIBUIKOCTI, TOOTO:

q=mo.

Kinvxicmio pyxy (imnynvcom) MEXaHIYHOT CUCTEMH Ha3MBAIOTh BEKTOpP, PIBHUI reoMeTpu4HIN
CYMI BEKTOPIB KUIBKOCTEH pyXy (IMITyJIbCIB) BCIX MaTepialbHUX TOYOK CUCTEMHU:

—_— n I
Q= Z m., .
1
Ha BigmiHy Bif KiabKOCTi pyXy ( TOUKH, SIKHH € 3B’SI3aHUM BEKTOPOM, BEKTOP KiJIBKOCTI PyXy

Mexaniunoi cuctemu Q € BimbHUM BekTOpOM.

. . - Ke - M
B cuctemi CI kinbKicTh pyXy Ma€e po3MipHicTh H-c, abo
c

I[J'I}I O0OYHCIIEHHS KIJIbKOCTI pPYyXy MEXaHIYHOT CUCTEMH ACIIO NCPETBOPHUMO BHUPA3
n

dr, d& —
m m, = mtr, .
Q= Z 0= ; dtdtzkk

B cBoro qepry 3 BUSHAYCHHA HCHTPA MaC CUCTCMHU BUXOOUTD, 110



d - t C C
Tom
Q=M-u,.

TakuMm YMHOM, BEKTOP KUIBKOCTI pyXy MEXaHIYHOT CUCTEMH JOPIBHIOE TOOYTKY MacH CUCTEMU
Ha BEKTOP LIBUJAKOCTI ii IeHTpa Mac.
JlowineHO 3ayBaxkuTH, mo BekTop Q, MOAiGHO 10 TOMOBHOTO BEKTOpa CHJI B CTATHII, €

MIEBHOIO Y3arajlbHEHOIO0 XapaKTEPUCTHKOIO pyXy BCiei MexaHiuHOi cucTtemu. B 3arampHOMYy BUMIAIKy
KUIBKICTh PYXy MOKHA PO3IJIAAATH K XapaKTePUCTUKY IOCTYIAIbHOT YACTUHU PYXY CUCTEMH Pa3oM 3
11 HEHTPOM Mac.

[Tpy mpakTUYHUX PO3pAxXyHKAaxX IOLIJIBHO KOPHCTYBATUCS anreOpaidyHUMHU PIBHAHHAMM, IO
BUXOAATH 3 (3.59):

Q. =M-v_,, Qsz Ogy s Q,=M-v,.

3BiICUIS BeIMYMHA KIJTBKOCTI PyXY:
2 2 2 2 2 2
Q :\jQx +Qy +Qz =M '\/ch +Ucy T, -

Sk Bimomo 3 Kypcy Qisuxm, mipy aii cunmm F  Ha matepianbHy TOouky 3a enemeHTapHHii

npomixok yacy Ot masuBaroTh enemenTapuuM iMmysscom cunu F | To6T0:
dS=F.dt.
Imnynse S cumn F 32 xinuesnit npomikok wacy (I —t,) Busnauarors 3a popmyoro:
t
S=[F.dt.
tO
Monynb iMITyJIbca CHIIM MIAPAXOBYIOTh 3a HOTO MPOEKIIIMUA Ha KOOPAWHATHI OCi:

SX:jE(dt Sy:ijdt SZ:jE-m;
to t, t

. . d(mv) = _
OCHOBHHH 3aKOH JUHAMIKU —— — F MO’KHA 3aIlliCaTu y q)Ole:

d(mv)=F -dt=dS.

IpoinTterpyemo ue piBHsiHHS B Mexax dacy Big t; =0 mo t i orpumaemo:

mo—-my,=S.
JlaHe piBHSHHS Ha3UBaIOTh TEOPEMOIO IMITYJIbCIB B KIHLEBIH GopMi:
3MIHA KITbKOCMI PYXY MOYKU 30 OCAKUL NPOMINCOK 4acy OOPIBHIOE IMNYIbCY PIGHOOIIOUOI cul,
NPUKIA0eHUx 00 MOYKU, 3d MO Jce NPOMINHCOK HAC).
[Tpu po3B’s3aHHI 3a/1a4 KOPUCTYIOTHCS PIBHAHHSAMH 111€1 TEOPEMU B IPOEKIIISIX HA KOOPAMHATHI
ocl.
mo, — Mo, =S, ;
mo, —my,, = Sy,

mo, —Mo,, =3S,.
Tenep po3rissHEMO MEXaHIYHY CHCTEMY, IO CKJIAJAa€Thcsl 3 N MaTepiaibHUX TOYOK. Jms
KOXHOI 3 IIUX TOYOK 3TigHO 3 (3.56) MOKHA 3amucaTH:



%(m@):?ﬁﬁ, (k=1n).

[TizcymyeMo Taki piBHSHHS 1O BCIX TOYKaxX CHCTEMH 1 3 ypaXyBaHHSM BiJOMOTO ITOJIO>KEHHS,
110 cyMa MOX1THUX JOPIBHIOE TIOX1HIN BiJI CyMH, OTPUMAEMO:

d n . n _e. n _I,
—(O - mo)=>F+> F.
dt 1 1 1

n __, n R
Tak K U1 BHYTPILIHIX CHJI E F.=0,a E my, =Q, To maemo:
1 1

9Q _yg:
dt 4 "
OcranHiil BUpa3 € MaTeMaTUYHUM 3aIMCOM TEOPEMHU MPO 3MiHY KUIBKOCTI PyXy MEXaHiuyHOi
cucteMu B qudepeHianbHiid GopMi: 6 KOJMCHULL MOMEHM YaCy NOXIOHA 3A YACOM 8i0 6eKMOPA KLIbKOCMI
PYXy cucmemu OOPIBHIOE 2eOMeMPUYHIL CYMI 8CIX 3068HIWHIX CUL, WO OiIOMb HA CUCmeM).

B ACKApPTOBUX KOOpAHWHATaAX MaTeMaTUYHUMN BHUpPa3 TCOPECMHU TaKWM:

de n dQ n dQ n
—X=NFS L =NF. L= F°,
dt ; T dt le YUt 21: <
[ToMHOkHUMO 06MBi yacTHHM piBHAHHS (3.67) Ha df i nmpoinTerpyemo B Mexax wacy t, = 0

o t:
t not_
[dQ=>"[F¢-dt,
0 11

3BIAKIIIS:
n __,
Q-Q=>.5¢.
1

Mu orpumann MaTeMatuyHy (OpMyNy TEOpeMH IpO 3MIHY BEKTOpa KIJIbKOCTI pyXxy
MEXaHIYHOT CUCTEMH B IHTErpaJlbHOMY (KIHIIEBOMY) BUTJIsAL. TeopeMa CTBepAXKYeE, 110 3MiHa 6eKmopa
KitbKOCmi pyxy cucmemu 3a 0y0b-aKuil NPOMINCOK 4acy OOPIBHIOE 2eOMeMPUYHIL CYMI IMNYIbCI8 YCIX
306HIUHIX CUJ, AKI OTIOMb HA CUCEMY, 3d MO JHce Hac.

B npoexkmisix Ha KOOpAMHATHI OCl Oy/1eMO MaTHu:

QX_QOXZiSe : (Dy_(gOy:iSe ; QZ_QOZ:Zn:Sl(SZ'

3 TeopeMH MpO 3MIHY KUIBKOCTI PyXy MEXaHIYHOI CHUCTEMH MOYKHA OTpPUMAaTH BaKJIUBI
BHUCHOBKH, 5IKI HA3UBAIOTh 3AKOHOM 30€pedCeHts KilbKOCMI PyX)y CUCTIEMU.

1. SAx11o reoMeTpuyHa cymMa BCIX 30BHINIHIX CHJI, IO JIIOTh Ha CUCTEMY, TIOPIBHIOE HYIIIO,
TO BEKTOP KUJIBKOCTI pyXy ii Oyzie CTauM sIK 3a BETMUYMHOIO, TaK 1 32 HAIPSIMOM.

n .

MiicHo, pu Z er =0 3 piBHAHHA BUXOAUTS, LIIO:
1

do -

d—? =0 i, signosizno Q = const.

2. VY Bumaakax, KOJIM CyMa MPOEKI[iil 30BHINIHIX CHJI, MPUKIIAJEHUX 0 CHCTEMH, Ha JCIKY
HEPYXOMY BiChb JOPIBHIOE HYIIO, TO MPOEKIis KITBKOCTI PyXy CHCTEMH Ha If0 BICh 3aJIMIIAECTHCS
HE3MIHHOIO.

JIoLinpHO 3ayBaKUTH, 10 3aKOH 30€pekeHHS KIIBKOCTI pyXy 3py4HO BUKOPHUCTOBYBATH B THX
BHIAJIKaX, KOJMU MO 3MiHI IIBHAKOCTI OJIHI€T YACTHHU CHCTEMH TMOTPIOHO BHU3HAYMUTH IMIBHAKICTH il
JApYroi 4aCTUHH.

Teopemi mpo 3MiHY KUIBKOCTI pyXy MEXaHIYHOI CHCTEMHU MOXHa HaJaTu 11e oJHy GopMy, sKa
3BETBCSI 1ME0PEMOI0 NPO PYX YEHMPa MAc.

Sxuwio Bpaxysaru, mo Q =Muv, , 1o piBusHHS HabyBae BUrIALY:



d, — &=
—(Muv)=) F,
dt ¢ ;

abo, TIpu CcTaTi Maci,

do, o g
c=MW,=> F¢
dt i le ’

ne W, - BekTOp IIPHCKOPEHHSI LIGHTPa Mac CUCTEMH.

M

Jlane piBHSHHS— 116 MAaTEMaTUYHUHN 3aIIUC TEOPEMH PO PYX LIEHTPA MAcC CUCTEMHU: YeHmp MAac
MEXAHIUHOT cucmemu pyxaemoscsi maxK camo, Ik MamepiaibHa mouka, 8 siKitl 30cepeddicena maca 8cici
cucmemu, nio i€l 20J1086HO20 8eKMOPA 308HIUUHIX CUIL.

B mpoexkiiisix Ha oci JeKapTOBOi CHCTEMH KOOPIMHAT TeOpeMa 3aIUCY€EThCSI CUCTEMOIO PIBHSHB!

chzzl“FE, MyczzllFe, I\/I'Z'C=Zl‘, "

ne X, Y., Z, - KOOpAMHATH LEHTPA MAC CUCTEMHU.

BHyTpimHi cunu y BIANOBITHOCTI 3 BUKIAJACHUM HE BIUIMBAIOTh Ha pyX IeHTpa mac. Tomy,
HaNpPUKJIIA/, JIIOJUHA HE MOXeE IepecyBaTHCh Ha aOCONIOTHO TJIAJIKiil MOBEPXHIi 3a JIOTIOMOTOI0 JIHIIE
3ycuiib cBOiX M’s3iB. PymriiiHa cuia TeruioBo3a abo TpaMBasi BUHMKAE TUIBKU TPH HAsSBHOCTI TEPTS.
Cunu TepTs B TaHOMY BUIIAIKy TIOBUHHI OyTH BiTHECEH1 10 30BHIIIHIX CHJL.

3 TeopeMH BUXOASTH TaKi BACHOBKHU:

1. SIKIIO TOOBHUI BEKTOP 30BHIMIHIX CHJI, IO JAIOTh HA CHCTEMY, JOPIBHIOE HYIIO, TO IIEHTP
Mac CUCTeMH IepeOyBa€ B CTaHi CIIOKOI0 a00 pyXaeThest MPSMOJIIHIIHO 1 piIBHOMIPHO.

—e
JiiicHo, npu Z F = 0:

do,

M =01, =const.

2. SIkmo mpoeKIisi TOJOBHOIO BEKTOpa 30BHIIIHIX CHJI, IO AiIOTh Ha CUCTEMY, Ha JESIKY
HEPYXOMY BICh JOPIBHIOE HYJIO, TO MPOEKIiS MIBUAKOCTI LIEHTpa Mac Ha II0 BICb € CTaJOK0
BEJIMYHHOIO.

Harnpukias, Koo Z F. =0, 1o

M%:Oiucxzconst.
dt

3. Y BuUMajKy, KOJH MPOEKIIis TOJIOBHOTO BEKTOpA 30BHIIIHIX CHII, IO JIIOTH Ha CHCTEMY, Ha
NesIKy HEpYXOMY BICh JOPIBHIOE HYJIIO, a LIEHTP Mac CUCTeMH OyB HEpYXOMMM BIJIHOCHO IIi€1 OCi B
MOYaTKOBUH MOMEHT dYacy, TO MOJOXEHHsS IEHTpa Mac BIJHOCHO oci Oynae craiuM B Oylb-sKHA
MOMEHT Yacy.

Tomy anrebpaiuHa cyma 10O0yTKIB Mac OKpPEMHUX TUI CHCTEMHM Ha MpPOEKIi aOCONIOTHUX
MepeMilieHb IEHTPIB Mac IMX T BIAHOCHO JaHOI OCl MOBHHHA JOPIBHIOBAaTH HYy0. Tak, SKIIO
BHKJIQJICHE CTOCYETHCS OCi X, TO:

MAX, + MAX, +...+ mAX, =0
[Tpu oOuucienHi abCOMOTHUX MepeMilleHb Tpeba 3aBXkKIM BpaxOBYBATH iX 3HAKU B oOpaHiii
cHCTeMi BIIIIKY.

Kinernyna enepris
Kinemuunoio enepeicio mamepianbHoi mouku HA3U8AEMbCsL CKAISPHA 8EIUYUHA, WO OOPIGHIOE
NOJI08UHT 00OYMKY ii MACU HA K8AOPAM WEUOKOCMI MOUKU:
1 5
T= E mo-.

3 BU3HAYCHHS KIHETUYHOI €HEeprii BUXOIUTH, IO BOHA € CKAIAPHON 000AMHOI BEIUYHHOIO;
omuuunns ii BumiproBarns H - v abo /e .



Kinemuunoro enepeicto mexaniunoi cucmemu Ha3u8aOmMsb CyMy KiHeMU4HUX eHepaill 6CiX MOYOK
yiei cucmemu:

T :EZ:mkuk2
27

[Ipu moctymasibHOMY pyci TBEpJOTO TiJla MHUTTEBI IIBHJIKOCTI BCIX HOro0 TOYOK OJIHAKOBI 1

JOPIBHIOIOTH IIBUJKOCTI V¢ LeHTpa Mac Tina. Tomy popmyrna HaOyBae BUTIISIY:

TZEM%Z
2

ne M - maca Tina.

[Ipu oGepTaHHi Tina HABKOJIO HEpyXoMoi oci (Hampukmam, oci Z) miHiiiHa mBuakicts K -i
Toukn tina U, = oh, , ne N, - Bixcrans Toukn g0 oci obepranus. Toxi:

1< 2 0" & » 1 2
T=>>m(oh)’ =—> mh?=21J, &,
2 1 2 1 2

OCKIJTBKH ka hk2 - MOMEHT iHepuii J, Tila HaBKOIIO OCi 0OGEepTaHHSL.
1
[TnockomapanenbHU pyX Tijda MOXHA PO3TISIATU K MHTTEBOOOEPTAIBHUI HABKOJIO OCi, L0
npoxoauth yepe3 ML P. Otxe, oTpumaemo:

T :%Jp-a)z,

n.n.

ne J p - MOMEHT iHepUii TiJIa HABKOJIO OCi, O MpoxoauTh Yepe3 MIIII.
3a reopemotro ['tolirenca:
. 2
J,=J. +M(PC)
ne: ‘]c - MOMEHT iHepmii TiJla BIJHOCHO OCi, fKa MPOXOAUTH uepe3 mneHTp mac C Tima
HapajenbHO 10 MUTTEBOI OCi 00epTanHsa. KpiM Toro, SKIo mBUAKICTE IEHTPA Mac Tila U, BUPA3UTH

yepe3 J00YTOK KyTOBOI IIBUAKOCTI Tila Ha BifcTaHb HeHTpa Mac g0 MIII - @- PC | to pisusuns
HaOyBa€ BUTIIAY:
1 1
2 2
Tn.n. :EMUC +EJC Q@
ToOTo, KiHETHMYHA €Hepris Tula MpH IUIOCKONapaleIbHOMY pYyCl CKJIaJaeTbcs 3 €Heprii
MOCTYMAJIBHOTO PYXY 31 MIBUIKICTIO IIEHTPA Mac 1 eHeprii 00epTaIbHOTO pyXy HABKOJIO IIEHTPA Mac.

Po6oTa cuin
Jis xapakTepucTHKH epeKTy Aii CHJIM Ha MarepiajibHUi 00’€KT NmpHU HOro mnepeMilleHHi
KOPUCTYIOTBCS TIOHATTSIM pOOOMU CUTU.

Po3zrimsaemo pyx MaTeplaHBHOI TOuku M HI,I[ ,Z[1€IO CHUIIN F B3J0BXK KpI/IBOJ'IlHII/IHOI Tpa€KTOp11

(puc. 1.4). 3a HeckiHueHHO Mauii mpomixkok yacy Ot paxiyc-sexTop Touku r OTpPHUMAE TPUPICT dr r,
AKUH HA3UBAIOTH EIEMEHTAPHUM NEpeMilneHHsM Touku M



Y

Puc.1.4

Cxanspuuii 100yTOK BeKTOpa CMiIM F Ha enemeHTapHe nepeMillleHHS TOYKH HA3MBAIOTh
enemenmapuoro pobomoio O A cunu:

SA=F-dr.

Po6ora cunu Ha OyAb-SKOMY CKIHUEHOMY MEpeMilleHH1 |\/|1|\/|2 TOYKH 11 TpHKJIaTaHHS

(puc.3.18) BU3HAYAETHCA K TPAHUIS IHTETPAIbHOI CYMH BiIOBIIHUX €JI€MEHTapHUX POOIT:

B cucremi CI ogununero podoru € Jowcoyan: 1/owe =1H - m.

—

Sxmo Bextop cumu F i BexTop ememenrtapmoro mepemimernns OF Toukm poskmacTu 1o
KOOPJIMHATHHUX OCHX:

—_

F=F i+F-j+F -k, dr=dx-i+dy-j+dz-k, o orpumacmo amanitiani supasn
poboTH cUmu:
OA=F -dx+F, -dy+F, -dz.
M,
i A, = [(F,-dx+F,-dy+F,-dz).
Ml
OctanHi /1B1 pOpMyiH BU3HAYAIOTh pOOOTY CHIIM ITPU KOOPJIMHATHOMY CIIOCOO1 3aBJIaHHS PYXY.
CkopucraeMoch CHIBBIJHOIIEHHAM JUIsl BU3HAYEHHS MPOEKILIi IIBUAKOCTI TOYKU B CHCTEMI
xoopaunar OXYzZ :

dx dy dz
UX:_’ D =—, UZ:_’
dt Y oodt dt
dx=uv, - dt, dy:uy -dt, dz=v,-dt. Toni:
SA=(F v, +F, v, +F,-v,)dt,

t

ALZ:j(FX-UX+Fy-Uy+FZ-UZ)dt.

4

SAKHUX BUXOJHNTD, 1o

B marypansHiii cucremi koopamaar M zNnb enementapue nmepemimenns dr =7-dS, ne 7-
opt notrunoi; AS - mudepenttian xyru TpPaeKTOPii TOUKH, TOMY eTeMeHTapHa po6O0Ta CHIIH:

5A:E.;.dszp.ds.cos(f,;).



BinmosigHo, moBHa poOoTa cHIIH:
S,
A,= j F -cos(F,u)dS :
S1

B ocranniit gopmyni S;, S, - myrosi koopaunatH, siki Bianosigarors nonoxermsim M, M,
MaTepianbHOl TOUKH Ha ii TpaekTopii (puc.1.4).

B imxeHepHii MpaKkTHLll KOPUCTYIOTHCS MOHATTAM MOTY)KHOCTI, SIKOIO OLIHIOIOTh POOOTY CHIIH
3a OJIMHUIIIO Yacy:

oA
N=—.
dt
3 ypaxyBaHHSM PiBHSIHHS L[OTO PIBHSIHHS, OTPUMAEMO:
N=F v +F v +F-v=F-v.
ToOTO, MOTYKHICTIO CHJIM HA3WBAETHCS BEIMYMHA, L0 JOPIBHIOE CKAIAPHOMY TOOYTKY

BEKTOpA CUJIM Ha BEKTOP LIBUAKOCTI TOUKH ii MPUKIIaIaHHS.
TeopeMu Npo 3MiHy KiHETUYHOI eHeprii

Jlnst MatepianbHOT TOUKM Macor M, Mo pyxaeTbes mix micro cumu F, ocHOBHE piBHAHHS
IUHAMIKA Ma€ BUTIISIL

do =
m—=F.
dt
[ToMHOXXHMO OOMIBI YACTHHHM IHOT'O CITIBBIIHOIIEHHS CKAJIIPHO HA dr:
~dr — -
mdo—=F -dr,
dt
3BIIK1LIA
modo=F -dr.

2 2
-~ v U
Tak sk Mmodo =d m? =d| m—

2
dl M |ZsA.
2

Hana ¢opMmyna € MaTeMaTHYHHM 3aldCOM TEOPEMH TNpO 3MiHY KIHETMYHOI eHeprii
MarepiagbHOI TOYKH B JU(EpeHIianbHiil hopmi: Jughepenyian Kinemuunoi enepeii mamepianvHoOi
MOYKU OOPIGHIOE elleMeHMAapHitl pobomi cuiu, ujo O0i€ Ha Yio MOYKY.

Sxmo 06uaBi yacTuHY piBHAHHA nofinuTy Ha Ot, To oTpuMaemo piBHAHHS

d [ mv?

dtl 2

3 SIKOTO BUXOJUTh, 10 MOX1/IHA 32 YaCOM BiJ KIHETMYHOI €Heprii TOUKU JOPIBHIOE MOTYKHOCTI
CHJIH, TIPUKJIAJIEHOT 10 IT1€1 TOYKH.
[TpoinTerpyemMo OOWIBI YaCTUHU PIBHSIHHS B MeXaX, BIAMOBIIHMX 3HAYCHHSM BEIUYHUH TPU

noyarkoBomy M, ikinnesomy M, monoxenusx pyxomoi To4KH, i 3HaX0AUMO:

mo,®  mu® A
2 2 2
abo
Tz _Tl = ALZ -

Otxe, 3mina KiHemuuHoi enepeii MmamepiantbHOi MOUKU HA 0essKOMY il nepemiujeHHi OOPIBHIOE
cymi pobim npukiadenux 00 Hei CUuil Ha MOMY HC nepemMiljeHHi.

PO3rysiHEMO MeXaHiuHy CHCTeMY, 1O CKIafaeThes 3 N Marepianshux Todok M, macoro My
KOXKHa, 1 sIKa PYXa€ThCs BITHOCHO HEPYXOMOi CHCTeMH BLWIIKY. [IpukiazeMo 10 TOYOK CHCTEMH



30BHimHI i BHyTpimHi cumn. Toxi ams K —i Touku Teopema mpo 3MiHy KiHeTHuHOi eHeprii mpuiiMae
BUTTISL

dmo’) = ,— — — -
a % :Fk‘drk+|:k'drk k:]-!n;
abo

dT, = 5A° +S5A'.

[Timcymyemo 111 piBHSHHS 10 BCiX N TOYKAaX CUCTEMHU:
n n n n
_ _ e i
D AT, =dd> T, =Y 6A+> 5A .
1 1 1 1
n n n . .
Paxyroun, 1m0 ZTk =T - kiHeTW4Ha eHepris cMCTeMH, a 25 A =6A°, 25 A =6A",
1 1 1

e i . . . .. . . . . .
ne OA”, OA - enemenTapHi po6OTH BCiX 30BHIIIHIX 1 BCIX BHYTPIIIHIX CHJI BiIIOBIiHO, OTPUMAEMO:
e i
ol =0A" +6A.
TakuM YHHOM Ougpepenyian KiHemuuHoi enepeii mamepianvhoi cucmemu OOPIBHIOE CYMI

eleMeHmMapHux pooim 6Cix 3068HIWHIX MA BHYMPIWHIX CUT, WO OIFOMb HA CUCTEM).
[aTerpyroun nanuii BUpa3, OTPUMAEMO MAaTEMaTHYHY 1HTEPIIPETALiI0 TEOPEMHU B 1HTErpabHii

dopwmi:
e i
T2 _Tl - A&,z + Ai,z :
e i . . . . . . . . .
e A12 , A12 - BIMOBIAHO TOBHI pOOOTH 30BHIMIHIX 1 BHYTPINIHIX CHJI Ha CKIHYCHOMY

nepemimieHHi 1-2 cucremu.

OTtxe, 3mina (npupicm) KinemuuHoi enepeii cucmemu npu nepexooi ii 3 00HO20 NONONHCEHHS 8
iHWe 00pigHIOE CYyMI poOim 6CIX 308HIWHIX I GHYMPIWHIX CUl, WO OilOMb HA CUCMEM) HA OAHOMY
nepemiujeHHi.

4. KIHETOCTATUKA I EJEMEHTH AHAJIITHYHOI
MEXAHIKHA

Po3rnsHyTi BUIlle pIBHAHHS PyXY MaTepialbHUX 00’€KTiB (MaTepialbHUX TOYOK, TBEPAUX TIM 1
MEXaHIYHUX CHCTEM) 1 3arajbHl TEOpPEMH, IO € BHCHOBKAMM 3 HHUX, BUXOJATH O€3MOCEpPEIHbO 3
3akoHiB ["anines-HproToHa.

Ane € Oararo TakMX 1H)XKEHEpPHMX 3aJad JWHaMIKM, pO3B’A3aHHS SKHX METOAaMH
HBIOTOHIBCBKOI MEXaHIKU MOTpedye y’Ke BEIUKUX 3yCHIIb, a 1HKOJM 1 B3arajli HeMoxJuBe. B Takux
BHUIMAJIKaX KOPUCTYIOTHCS METOJIaMU 1HINOI, TaK 3BaHOl aHANiMU4HOi MeXauiku, B OCHOBY SIKHX
MOKJIa/IEHO TMPUHIUIK, BIAMIHHI BiJl HBIOTOHIBCHKMX. 3aCHOBHHUKOM Ili€l BITKM MeXaHIKH OyB
JleiOHUII.

AHaniTHYHAa MeXaHiKa SBIA€ COOOK BEIMKHM, OaraTuil imesMu, pPO3IIT MEXaHIKU. Ii
IOJIOXKEHHS IMOIIMPIOIOTHCS Ha Taki 00JacTl, SIK T€opis BITHOCHOCTI 1 KBAHTOBA MEXaHiKa, /1€ 3aKOHU
I"anines-HpioTOHA HE MOXYTh OyTH 3aCTOCOBAHI.

st ciporiieHHs, mo0 He BUXOAWTH 32 MEKI HhIOTOHOBCHKOI MEXaHIKH, Oy/IeMO PO3TJIAIaTH IIi
MPUHIUIHN SK TaKl, 10 € HACI1KaMH 3aKOHIB KJIACUYHOI MEXaHIKH 3 JI0JJaBaHHSIM JI0 HUX aKCIOMH PO
3BUIbBHEHHA BiJ B’si3ed. B Toil ke yac moTpiOHO po3ymiTH, IIO 1€ HE TEOPEMHM, SIKI JOBOJSATHCS 3a
nonoMororo 3akoHiB [ amines-HeloroHa, a came npuHUMIU. SIKIIO B3STH X 3a OCHOBY, MOKHA
OTpUMATH 1 3aKOHU HBIOTOHA, 1 BCIO HBIOTOHIBCHKY MEXAHIKY.

Po3poOHMKaMH OCHOBHHMX MPHUHLUIIB aHATITUYHOI MeXaHiku Oynau (¢paHIy3bKi BYeHI
JManam6ep (1717-1783) i Jlarpamx (1736-1813).

[punuun Janamoepa

[Tpunammn J{amamOepa 103BOIIsIE MPUBOAUTHU BCi 33/1a4i, K1 BIAHOCATHCS O PyXY Til, 0 OLIBII
MPOCTOI 3a/1a4l PO PIBHOBAry.

CyuacHe TpakTyBaHHS TpuHIHNa JlamamOepa 3 BUKOPUCTAHHSIM TOHATTA cuiu iHepyii, sKe
Oy7no yBeleHO B MexaHiKy Ha modyaTky XIX cTomiTTs, € pyHIaMEeHTOM Ba)XITMBOTO METOJIa TEXHIYHOL
MEXaHIKH — Memooa KiHemoCmamukKu.



PosrisaeMo MaTepianbHy TOYKy M Macor M, IO pyXaeTbes 3 AesakuM npuckopenHam W
B37I0BX Tpaektopii AB. [Ipumyctumo, 1110 Ha TOYKY Ji€ CHCTEMa aKTUBHHUX CHJI, PIBHOMIIOYY SKHUX

no3Ha4nMMo Yepes F , a Takoxk peakuii B’si3eit (y BUIAAKY SKIIO TOYKA € HEBLILHOK) 3 PiBHOMIIOYOIO
R (puc.1.5).

Tonxi, 3rigHO 3 pIBHSHHSIM JHHAMIKH IS
HEBLIBHOI TOUKH:

F mW =F +R,
(2 M ELiR abo F+R+(-mW)=0
- ITo3naunmo:
A W —mwW =@
Puc.4.1

—

R Bekrop @ HasuBaioTh  1anamMOEpOBOIO
cuiI010 iHepii. Ii MoXXHa pPO3rIAgaTH AK CHITy, 3 KOO TOYKA JIi€ HA Tija, IO HAJAI0Th HPUCKOPEHHS
JTaHIf TOYIl.

Cuna iHepuii MaTepiaabHOT TOYKH 32 BEIMYMHOIO JOPIBHIOE TOOYTKY Macu TOYKU HA MOIYJb 11
MIPUCKOPEHHS 1 Ma€e HaIpsiM, TPOTUJICKHUI HANIPSMY IPUCKOPEHHS (aJie HE PYyXY).
TakuM YMHOM, PIBHICTh HA0YBa€ BUTIISATY:

F+R+®=0.
OcrtanHe piBHSHHS 1 Bupaxkae npuHimn Jlanamobepa:
OJ1sl HeBLNbHOI MamepianoHoi MOYKU 6 KOMCHUU MOMEHM 4Yacy CYMA AaKMUGHUX Cul, wo
npuKiadeHi 00 mouku, peakyil ii 6 s3eil i cunu iHepyii OOPIBHIOE HYIO.
[Ipy KOOpAMHATHOMY cHocobi 3anaHHs pyXy B cucremi Bimmiky OXYZ BekTopHe piBHAHHS

MEPEXOIUTh B CHCTEMY CKAISAPHHUX PiBHSHB!

F+R +@ =0
F.+R +@, =0
F,+R, +®, =0.
HKH_IO K PyX TOYKH 3aJaHO HAaTYypaJIbHUM CHOCO60M, TO 6y,HeM0 MaTHu CUCTEMY TAKUX piBHSIHI:Z
F+R +® =0;
F,+R,+D,=0;
F+R, +d, =0.
B piBustnnsax i @, =mW @y =mVVy; D, =mW,,
do : S
@T = M —— - TaHI'CHII1aJIbHa CKJIaa0Ba CUJIM 1HCPIIIL,
do’ : -
@, =m—— - HopMalbHa (BiALEHTPOBA) CUIIA iHEpL;
P

@, =mW, =0 (puc.1.6).



Puc.1.6

Ipuanun {anamobepa a1 MexaHiqHOI cCHCTEMH
Hexait y posineaiit Touni M macoro M, cucremn, mo ckmamaersest 3 "N MarepiaabHEX

—_—

TOYOK, NpHKIajeHi aktmHa cwia F, 1 peakuis B’s3i R, . Tomi mms K —1 Touku piBHsAHHS
KIHETOCTAaTHKH 3aMUIIEThCS TaK:
Fk + Rk + Dk =0, kzl,n.

[Tincymyemo piBHSHHS MO BCIX TOYKAX MEXaHIYHOI CUCTEMH 1 AICTaHEMO:

Zn:EK +Zn:ﬁK +Zn:5}< =0.
1 1 1

[To3HauMBIIM TOJOBHI BEKTOPH aKTHBHUX CHJI, PEaKIlii B’s3ed 1 CHII iHEpIil BIAMOBIAHO Yepe3

n n n
Fr= Z Fx, Rr= Z Rx, @r= Z@K , BUPa3 3alUIIEMO y BUTJISIL
1 1 1

Er+ﬁr+5r=0.

[TpunmycTumo, Mo MoJI0KEHHS K —i Touku JTAaHO1 CUCTEMH B JEKAPTOBUX KOOPAWHATAX Oxyz

—_—

BU3HAYA€THCA paniycoM-BeKTopoM [ . IloMHOXKMMO HOro BEKTOPHO Ha CHIM, SKi BXOJATH JO
piBHAHHA (4.6), 1 BU3BHAYMMO iX MOMEHTH BIAHOCHO LieHTpa O:
EXEK +EX§K +EX5K =0,
abo:
Mo(EK)-ﬁ-Mo(ﬁK)ﬂ-Mo(aK):O.

[TincyMmyeMo ocTaHH1 CIIBBIIHOIIEHHS MO BCIX TOYKAX CUCTEMH:

n _ . n - . n _ .
ZMJHyQJMmQ+ZMJ@¢w.
1 1 1

HKHIO BI/IKOpI/ICTaTI/I TIOHATTA TOJOBHUX MOMeHTiB 11850, ¢ CI/IJ'I, TO OCTAHHE piBHfIHHfI Ha6YBa€

Takoi popmu:

M76+Mro+M7o=0.

[ToriepenHi piBHAHHS BHUpaXkaroTh HpuHIMN JlanamOepa UIst MEXaHIYHOI CUCTEMH: 8 KOMCHUIL
MOMEHM YAcCy GEKMOPHI CYMU 20N0BHUX BEKMOPI6 AKMUBHUX CUNL, peaxyiu 6 ’sset [ cunl iHepyii i
20JI08HUX MOMEHMIB YUX Jice CUN GIOHOCHO 0OPAHO20 YeHMpPa OOPIEHIOIOMb HYIO.

OTpuMaHUM BEKTOPHUM pIBHSHHSM BIJQIOBIAIOTh INICTh anreOpaiuHuX pIBHAHb B
KOOpAMHATHIN (opMi:



SRR v@) 0 S(on (7)o, (). (@) o
i(Fky +Ry +@ky) :
i(sz + sz +cDkz):O;

1

0;

<

|

OCKUIbKH TOJIOBHUM BEKTOP 1 TOJIOBHMM MOMEHT BHYTPIIIHIX CHJI JIOPIBHIOIOTH HYJIO, TO B
PIBHSHHSX BHYTPILIHI CHJIM BiJICYTHI.

(R, (), (37) o

>
>, (),
>

3BeeHHsI cUJI iHepUil TOYOK TBEPAOro Tijla 10 HAHMNPOCTIIIOro BUAY

B craTuii Oyna qoBeneHa Teopema, BiIIMOBIIHO 0 SKOT JOBIIBHY CHCTEMY CHUJI MOYKHA 3BECTH
10 OyAb-SKOTO LIEHTpPA 1 3aMIHUTH B 3arajlbHOMY BHIIAJKy OJHI€I0 CHJIOIO (TOJIOBHHM BEKTOPOM) i
OJIHIEIO TIApOI0 CHJI (TOJIOBHUM MOMEHTOM). Take K 3BEJICHHS MOYKHA BUKOHATH 1 I CUJT THEPIIii.

3rigHo i3 GOPMYIIOI0 TOJIOBHHIA BEKTOP CHJI IHEPIIil BU3HAYAETHCS PIBHAHHSIM:

@:_ZmKW]("
1

—

o Sdmo,) d< — dQ
Ae =y MW, =-> KK = = N'm p ===,
T T dt dt 5 dt
ne Q - Bexrop KinmbkocTi pyxy Mexaniuxoi cucremu. B cBowo wepry Q=Muv, i tomy
do .
__Q:_M W, .
dt

Toni:

D =-MW,,
3 mi€i GpopMynu BUXOAUTS, 1110 MPU BCAKOMY PYCl TBEPOIO Tijla TOJOBHUIN BEKTOp CHJI 1HEPLi

JOPIBHIOE TOOYTKY MacH TiIa Ha TMPUCKOPEHHS HOro IEHTpa Mac 1 Ma€ HampsM, MPOTHUICKHHI
HarpsiMy IIbOTO TPUCKOPEHHS.

[ToniGH1 nepeTBOPEHHS BUKOHAEMO 3 BUPa30M I'OJIOBHOI'O MOMEHTA CHJI 1HEpIIii:

i n .. n _ . n__ dU_' d & — .
MOF:_Z:L:MO(QK):_Z]-:’/K XCDKZ—lel’K X1y dtK :_a 1 ¥.Xm.,

—_—

n
Tak gx Z r xmu, =K,, to kinueso
1

dt

ToOTO0, TONOBHUI MOMEHT CHUJI IHEpIi NOpIBHIOE MEpIIid MOXIAHIM 3a YacoM BiJ BEKTOpa
KIHETUYHOTO MOMEHTA MEXaHIYHOT CUCTEMH, B3STii 31 3HAKOM MIHYC.

IMuTanHga 11 CAMOKOHTPOJIIO

1. SIki 1Bi kimacuikamii cu1 3aCTOCOBYIOTh Y AMHAMIII? Y 4oMy iX yMOBHICTb?

2. B kit MmexaH14HIi cucTeMi BHYTPIIIHI CUIIN 3HAXOASTHCS Y pIBHOBa31?

3. Jlekiibka aBTOMOOLTIB pyXalThCsl MO J0po3i. UM yTBOPIOIOTH BOHHU MEXaHIUHY
cucremy?

4. Baron, mo pyxaerbcs, yaapserbcs 00 Hepyxomuil BaroH. Ha sxuii 3 Hux Oyne mistu

OurbIa cuia?



SIKUMH BeTMUMHAMU XapaKTepU3Y€EThCS PO3MOILT Mac B MeXaHiuHil cucremi?

Sk BU3HAYAETHCS IIEHTP Mac MEXaHIYHOI cucTeMu?

SIK BU3HAUAIOTHCS 1 K KIACU(]iKyIOTHCS MOMEHTH 1HEpLii MeXaHI4HO1 cucTeMu?

Ski oci Ha3UBaIOTh TOJIOBHUMH IICHTPATLHUMH OCSIMU? SIKi BIaCTUBOCTI BOHU MAalOTh?
Sk popmymoeThes Teopema [roiirenca?

©ooNo O

10. Jlnst nestkoro Tiia pajiyc iHepIlii BIAHOCHO OCi CZ , IO TIPOXOJUTh Yepe3 LIEHTP Mac,
nopiBHIOE O . Uu € oci, siKi napaiesnbHi oci CZ , BITHOCHO SIKMX BEJIMYMHA pajiyca iHepIlii boro Tijia
Oyne: 6utpie O ? MeHue O ?



o o~

~

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

22.

CIIMCOK JIITEPATYPU

Aizenbepr T.b., Boponko M. M., Ocenxuii B. M. PykoBoacTBO K peUIeHHIO 3aaad IO
TeopeTuueckon Mexanuke. — M.: BoicuLiik., 1968. - 436 c.

bare M. U., Hxanenunze I'. 10., Kenp3on A. C. Teopernueckas MexaHHKa B IIpUMEpax U
3amavax: B 31.- M.: Hayka, 1971-1973.

byrenun H. B., JIynn A. JI., Mepkun [[.P. Kypc Teopernueckoit mexanuku: B 2 1.- M.: Hayka,
1976-1979.

Bbyxonsu H. H. OcHoBHOI1 Kypc TeopeTnueckoil Mexanuku: B. 24. — M.: Hayka, 1967.

I'epuer M. M. Kypc Teopetnueckoit mexanuku.-M.: Beicur.k., 1981. - 303 c.

Ho6ponpasos B. B., Hukutun H. H., /IBopuukos A. JI. Kypc Teoperndyeckoii MexaHuku.- M.:
Bercm. mk., 1974-528 c.

Kunsuesckuit H. A. Kypc Teopernueckoit mexanuku: B 21.- M.: Hayka, 1972-1977.
Kunpuesckuii H. A., PemuzoBa H. U., Kunbueckas E. H. OcHOBU T€OpeTHYECKOM MEXaHUKH. -
K., Texuika, 1986.

Jlousuckuii JL.I'., JIypse A. U. Kypc Teopernueckoit mexanuku: B 21. — M.: Hayka, 1984.
Memepckuii H. B. CoopHuk 3a1au no reoperuueckoir Mexanuke.- M.: Hayka, 1980. - 446 c.
Mapkees A. I1. Teopernueckas Mmexanuka: Yu. nocobue.- M.: Hayka, 1990. —416 c.

[TaBnoBckuit M. A. Teopernuna mexanika: - K.: Texnika 2002 — 510 c.

[TaBnoBckuit M.A., AxundueBa JI. FO., boituyk O.®. Teoperuueckas mexanuka: CraTHKa.
Kinemaruka. - K.: Buma mkosa, 1989. — 351 c.

[TaBnosckuit M.A., Akunduesa JI. 0., boituyk O.®. Teopernueckas mexanuka: Jlunamuka. - K.:
Bumia mxkoia, 1990.— 480 c.

[Tytara T.B., ®paanin b. M. Metonuka po3s’s3yBaHHs 3a7a4 3 TeopeTuyHOi MexaHiku.- K.: Pan.
mkoJja, 1955. - 368 c.

Casun I'.H., [lyrara T. B., ®pagnun b. H. Kypc teopernueckoit mexanuku. — K.: Buia mkona,
1973.-359 c.

Tapr C. M. Kpatkuii kypc Teopernueckoil Mexanuku.- M.: Beicii. mk., 1986.- 416 c.

Sl6nouckuit A. A. Kypc Teopernueckoii Mexanuku: B. 21.- M.: Bucmr. mik., 1977. — T —2 —430 c.
SAbnonckuit A. A., Hukudoposa B. M. Kypc teopernueckoii mexanuku: B 21. — M.: Boicml. mik.,
1977.

SAbnonckuit A. A. u ap. COOpHUK 3a7aHUil JUIsl KypCOBUX pabOT MO TEOPETUUYECKON MEXaHUKE.-
M.: Beicm. mik., 1978. - 240 c.

3onoroB M. C., Pybanenko O. 1., XKykos B. ®@. Teopernuna mexanika: (HaBu.-meroa. nmociOHUK
JUIS CTYJIEHTIB TEXHIUHUX crienianbHocTel). - XapkiB: XJJAMI', 1999.

[mauyk B. II., 3omotoB M. C., Pybanenko O. I, I'apOy3 A. O. Teopernuna mexanika: Hapu.-
METO/. MOCIOHUK JUTsl CTYJEHTIB TEXHIYHUX crienianbHocTel, Xapkis: XJIAMI', 2001.



HABYAJIBHO-METOJIUWYHE BUJAHHSA

TeopeTnuHa MexaHika {TEKCT}: KOHCHEKT JEKI[i JJig CTYACHTIB CIEliaJIbHOCTI
crnemianibHOoCcTl 192  «bynmiBHUNTBO Ta UMBLUIbHA 1HXKEHEpis»  creriajizarii
«bymiBHUIITBO Ta eKcIUTyartaris OymaiBenb Ta cropya»/ ykinaa. S1.B. Omacioxk —
JIrob6emmns: JITK JIHTY, 2017. - 108

Kowmmrotepuuii Habip Ta Bepctka: S1.B. Onaciok

Penakrop:

[Migp. Mo npyky . @opmar 60x84/16.
[Tamip odic. 'apn. Taitmc. YMm. apyk, apk 4,75.
O6:.-Bu. apk. 4,0. Tupax 20 nmpum. 3am.

PenakmiiHo-BUAaBHUYUN B1JUILT
JIylbKOTO HAIllOHAIBHOTO TEXHIYHOTO YHIBEPCUTETY

43018, m.JIympk, Byin. JIbBiBChKa, 75
Hpyx — PBB Jlynpkuit HTY






